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Lowering-Raising triples and Uq{5i2) 


Paul Terwilliger 


Abstract 

We introduce the notion of a lowering-raising (or LR) triple of linear transformations 
on a nonzero finite-dimensional vector space. We show how to normalize an LR triple, 
and classify up to isomorphism the normalized LR triples. We describe the LR triples 
using various maps, such as the reflectors, the inverters, the unipotent maps, and the 
rotators. We relate the LR triples to the equitable presentation of the quantum algebra 
Uq{5[2) and Lie algebra 5l2- 
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1 Introduction 

For the quantum algebra f/glsh), the equitable presentation was introduced in [TH] and 
further investigated in [23], [2l|. For the Lie algebra sl 2 , the equitable presentation was 
introduced in [12] and comprehensively studied in [5]. These equitable presentations have 
been related to Leonard pairs B. 0. tridiagonal pairs [6], Leonard triples 0. PI. the uni¬ 
versal Askey-Wilson algebra I2ZI. the tetrahedron algebra nn, na, Hi, the g-tetrahedron 
algebra Ha, Ha. and distance-regular graphs ESI- See also 0.0, Hsi. m 

From the equitable point of view, consider a finite-dimensional irreducible module for Uq{5\2) 
or s[ 2 . In [23l Lemma 7.3] and [HI Section 8] we encounter three nilpotent linear transfor¬ 
mations of the module, with each transformation acting as a lowering map and raising map 
in multiple ways. In order to describe this situation more precisely, we now introduce the 
notion of a lowering-raising (or LR) triple of linear transformations. 

An LR triple is described as follows (formal definitions begin in Section 2). Fix an integer 
d > 0. Let F denote a field, and let V denote a vector space over F with dimension d + 1. By 
a decomposition of V we mean a sequence {I4}f=o of one-dimensional subspaces whose direct 
sum is V. Let {Vi}f^Q denote a decomposition of V. A linear transformation A G End(R) 
is said to lower {Vi}f^Q whenever AVi = Vi-i for 1 < i < d and AVq = 0. The map A is 
said to raise {Vi}f^Q whenever AVi = for 0 < i < d — 1 and AVd = 0. An ordered 
pair of elements A, B in End(R) is called lowering-raising (or LR) whenever there exists a 
decomposition of V that is lowered by A and raised by B. A 3-tuple of elements A, B, C in 
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End(V^) is called an LR triple whenever any two of A, B, C form an LR pair on V. The LR 
triple A, B,C is said to be over F and have diameter d. 

In this paper we obtain three main results, which are summarized as follows: (i) we show 
how to normalize an LR triple, and classify up to isomorphism the normalized LR triples; 
(ii) we describe the LR triples using various maps, such as the reflectors, the inverters, the 
unipotent maps, and the rotators; (iii) we relate the LR triples to the equitable presentations 
of Uq{s{ 2 ) and sh. 

We now describe our results in more detail. We set the stage with some general remarks; the 
assertions therein will be established in the main body of the paper. Let the integer d and the 
vector space V be as above, and assume for the moment that d = 0. Then A, B,C G End(R) 
form an LR triple if and only if each of A, B, C is zero; this LR triple is called trivial. Until 
further notice, assume that d > 0 and let A, B, C denote an LR triple on V. As we describe 
this LR triple, we will use the following notation. Observe that any permutation of A, B,C 
is an LR triple on V. For any object / that we associate with A, B, C let f (resp. f) 
denote the corresponding object for the LR triple R, O, A (resp. O, A, B). Since A, B is an 
LR pair on V, there exists a decomposition {Vi}^=o of ^ fh^it is lowered by A and raised by 
B. This decomposition is uniquely determined by A, B and called the (A, R)-decomposition 
of V. For 0 < i < d we have A‘^“*U = Uq + hi H-h U and = Vd + Vd-i H-h Vd-i- 

We now introduce the parameter array of A, B, C. For 1 < i < d we have AVi = U-i 
and BVi-i = U. Therefore, U is invariant under BA and the corresponding eigenvalue is a 
nonzero scalar in F. Denote this eigenvalue by ipi. For notational convenience dehne ^90 = 0 
and ipd+i = 0. We call the sequence 

the parameter array of A, B,C. 

We now introduce the idempotent data of A, R, C. For 0 < i < d define Rj G End(U) such 
that [Ei — I)Vi = 0 and EiVj = 0 for 0 < j < d, j 7 ^ i. Thus R* is the projection from V 
onto Vi- Note that Vi = EiV. We have 

j^d-iBdj^i B^A^B^-^ 

Ei = -, Ei = -. 

ipi-'-Lpd (pi---ipd 

We call the sequence 

{Ento) 

the idempotent data of A, R, C. 

We now introduce the Toeplitz data of A^B^C. A basis of V is called an {A,B)- 

basis whenever Uj G U for 0 < i < d and Avi = Vi-i for 1 < i < d. Let denote a 

(R, R)-basis of V and let {vi}f^Q denote a (R, A)-basis of V such that Uq = Vq. Let T denote 
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the transition matrix from {ui}f^Q to Then T has the form 


T = 


( OLq OL\ 

OfQ Oil 

ao 


V 0 


\ 


(Ml 

ao J 


where Oj G F for 0 < i < d and ag = 1. A matrix of the above form is said to be npper 
triangular and Toeplitz, with parameters {ajjf^g. The matrix T~^ is upper triangular and 
Toeplitz; let {A}f=o denote its parameters. We call the sequence 


{Alto; {«:}to, {Alto; {«rito, lA'Ito) 


the Toeplitz data of A, B, C. 

We now introduce the trace data of A, B, C. For 0 < i < d let Oj denote the trace of 
CEi. We have Xlto®* “ d. If A^B^C is trivial then og = 0. If A,B,C is nontrivial then 
tti = and a* = for 0 < i < d. We call the sequence 

({«Ato; {Alto; {Alto) 


the trace data of A, B, C. 

With respect to an {A, i?)-basis of V, the matrices representing A, B,C are 


A : 

( 0 1 

0 1 

0 ■ 

0 \ 

B: 

( ° 

ifi 0 

ip2 0 

0 \ 


VO 

• 1 

0 J 


V 0 

0 y 


/ oo 0 \ 

A «1 ^'d-l/^2 

(j . Atl «2 

\ 0 (p'{ ttd J 

Assume for the moment that A, B, C is nontrivial. Then A, B, C is determined up to iso¬ 
morphism by its parameter array and any one of 

®o> ®0> ^di Ojdi ^di Q?!, , cr , /3i^/3^y/3^. 

We often put the emphasis on ai, and call this the first Toeplitz number of A,B,C. In 
Propositions 115.1^15.14] we obtain some recursions that give the Toeplitz data of A,B,C 
in terms of its parameter array and hrst Toeplitz number. 
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We now introduce the bipartite condition. The LR triple A,B,C is said to be bipartite 
whenever ai = a[ = a" = 0 for 0 < z < d. Assume for the moment that A, B, C is not 
bipartite. Then A, B, C is nontrivial, and each of 

is nonzero. Until further notice assume that A, B, C is bipartite. Then d = 2m is even. 
Moreover for 0 < z < d, each of 

cTj, cTj, Oj, /3j, /3j, /3j 


is zero if z is odd and nonzero if z is even. There exists a direct sum V = Wut + Un such that 
Wut is equal to each of 


Y.EyV, 

j=0 


and Vin is equal to each of 


m—1 


E EwV, 

j=0 


T.Av, 

i=o 


m —1 


j=0 


ERt' 

j=0 


m—1 


E v- 

j=0 


The dimensions of Wut and Un are m + 1 and m, respectively. We have 


Dehne 


AUout — idn, 
AUin C Uout, 


BVoyit — Vin, 

BVi^ C Wut) 


C'Uout = idn, 

Chin ^ h"out- 


A 


out 5 


Ai, 


B, 


out ? 


B. 


a 


out 5 


c, 


( 1 ) 


in End(U) as follows. The map Aout acts on Wut as A, and on Un as zero. The map Ain 
acts on Vin as A, and on Wut as zero. The other maps in ([1]) are similarly defined. By 
construction 


A — Aout + Ain, B — Bout + Bin, C — Cout + Cin. 

We are done assuming that A, B, C is bipartite. 

We now introduce the equitable condition. The LR triple A, B,C is said to be equitable 
whenever a* = a' = a” for 0 < z < d. In this case (3i = = fd” for 0 < z < d. Assume for 

the moment that A, R, C is trivial. Then A, R, C is equitable. Next assume that A, R, C is 
nonbipartite. Then A, R, C is equitable if and only if cti = a'^ = a'{. In this case ipi = ip[ = ip” 
for 1 < z < d, and ai = a[ = a" = ai{ipd-i+i — ^d-i) for 0 < z < d. Next assume that A, R, C 
is bipartite and nontrivial. Then A, R, C is equitable if and only if 02 = = Q^ 2 ^ In this 

case ifi-iP^i = for 2 < z < d. We are done with our general remarks. 

Concerning the normalization of LR triples, we now define what it means for A, R, C to be 
normalized. Assume for the moment that A, B,C is trivial. Then A, B,C is normalized. 
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Next assume that A, B, C is nonbipartite. Then A, B, C is normalized whenever ai = a'l = 
a” = 1. Next assume that A, B, C is bipartite and nontrivial. Then A, B, C is normalized 
whenever 02 = = a 2 = 1- If A,B,C is normalized then A,B,C is equitable. We now 

explain how to normalize A, B, C. Assume for the moment that A, B, C is trivial. Then 
there is nothing to do. Next assume that A, B, C is nonbipartite. Then there exists a 
unique sequence a,/ 3,7 of nonzero scalars in F such that aA, f3B,'yC is normalized. Next 
assume that A, B, C is bipartite and nontrivial. Then there exists a unique sequence a, /9 ,7 
of nonzero scalars in F such that 

t^Aout T Ajji, /35out T 7^out T 


is normalized. 

We now describe our classihcation up to isomorphism of the normalized LR triples over F. 
Up to isomorphism there exists a unique normalized LR triple over F with diameter d = 0, 
and this LR triple is trivial. Up to isomorphism there exists a unique normalized LR triple 
over F with diameter d = 1, and this is given in Lemma [24.21 For d > 2, we display nine 
families of normalized LR triples over F that have diameter d, denoted 

NBWeylj (F; j, g), NBWeyl, (F; j, g), NBWeylJ (F; f), 

NBGrf(F;g), NBGd(F;l), 

NBNG,(F;f), 

Brf(F;t,po,Po,Po), Bd(F;l,po,Po,Po), B 2 (F; po, do, Po)- 


We show that each normalized LR triple over F with diameter d is isomorphic to exactly one 
of these examples. 

We now describe the LR triples using various maps. Let A, B,C denote an LR triple on V. 
We show that there exists a unique antiautomorphism f of End(U) that sends A B. We 
call t the {A, i?)-reflector. Assume for the moment that A, B, C is equitable and nonbipartite. 
We show that f fixes C. Next assume that A, B, C is equitable, bipartite, and nontrivial. We 
show that t sends Aout ^ An and Rout -H- Ain. We also show that f sends each of Gout, Gin 
to a scalar multiple of the other. Define 


* = 5: 


PlP2---Pi p 

hji. 

^d^d—l ‘ * * 2+1 


We call T the (A, R)-inverter. We show that the following three LR pairs are mutually 
isomorphic: 


A,T-iRT 

B,A 

TAT-\R. 

Define 

d 

d 

d 

A = Y,Ed-iE':, 



i=0 

i=0 

i=0 
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We call A, B, C the unipotent maps for A, B, C. We show that 


a=j2 


i=0 


E 


i=0 


C = ^ aiC^ 


i=0 


and 


A-‘ = 5^/3'A‘, 


i=0 


■' = Ea"b‘. 


i=0 


c-' = ^AC'h 


i=0 


By a rotator for A, B, C we mean an element R G End(l/) such that for 0 < i < d, 
EiR = REl E[R = RE”, E”R = REi. 


Let TZ denote the set of rotators for A, B,C. Note that 7^ is a subspace of the F-vector 
space End(ld). We obtain the following basis for TZ. Assume for the moment that A, B, C is 
trivial. Then TZ = End(E) has a basis consisting of the identity element. Next assume that 
A, B,C is nonbipartite. Then TZ has a basis hi such that 


n = 


E 




-E,, 


i=o 


c E 


(^1 ■ • • 


-A' 


~Q 'T^d - ■ ■ T^d-i+1 


ME 




-E” C. 


i=0 '^d' ' ' 'T^d-i+1 


Next assume that A, B,C is bipartite and nontrivial. Then TZ has a basis ffout, f^in such that 


n 


out - 



<~Pl^2 ■ ■ • ‘~P2j 
T^dT^d-1 ■ ■ ■ T^d-2j+l 



ipi(p2 ■ ■■^2j 
T^dT^d-1 ■ ■ ■ ^d-2j+l 



B 



(pi(p2 ■ ■ ■ (p2j 
T^dT^d-1 ■ ■ ■ T^d-2j+l 



C 


and 


0 in 



• • • T^2j+1 

T^d-lT^d-2 ■ ■ ■ ‘fd-2j 



B 


We now briefly relate the LR triples to the equitable presentations of Uq{sl 2 ) and Ad¬ 
justing the equitable presentation of ^/^(sh) in two ways, we obtain an algebra 17^(sl2) called 
the reduced ^/^(sh) algebra, and an algebra U^{sl 2 ) called the extended Uq{sl 2 ) algebra. Let 
A, B, C denote an LR triple on V. After imposing some minor restrictions on its parameter 
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array, we use A,B,C to construct a module on V for t/g(sl 2 ) or U^{sl 2 ) or [/^(sl 2 ) or 512- 
Each construction involves the equitable presentation. 

This paper is organized as follows. In Section 2 we review some basic concepts and explain 
our notation. In Sections 3-10 we develop a theory of LR pairs that will be applied to LR 
triples later in the paper. In Section 11 we classify a type of hnite sequence said to be 
constrained, for use in our LR triple classihcation later in the paper. Section 12 is about 
upper triangular Toeplitz matrices. In Section 13 we introduce the LR triples, and discuss 
their parameter array, idempotent data, Toeplitz data, and trace data. In Sections 14, 
15 we obtain some equations relating the parameter array, Toeplitz data, and trace data. 
We also introduce the LR triples of Weyl and g-Weyl type. Sections 16-18 are about the 
bipartite, equitable, and normalized LR triples, respectively. In Sections 19, 20 we compare 
the structure of a bipartite and nonbipartite LR triple, using the notions of an idempotent 
centralizer and double lowering space. Sections 21-23 are about the unipotent maps, rotators, 
and reflectors, respectively. In Sections 24-30 we classify up to isomorphism the normalized 
LR triples. Section 31 is about the Toeplitz data, and how the unipotent maps are related 
to the exponential function and quantum exponential function. In Section 32 we display 
some relations that are satished by an LR triple. In Section 33 we relate the LR triples to 
the equitable presentations of Uq{sl 2 ) and sh- Section 34 contains three characterizations of 
an LR triple. Sections 35, 36 are appendices that contain some matrix representations of an 
LR triple. 


2 Preliminaries 

We now begin our formal argument. In this section we review some basic concepts and 
explain our notation. We will be discussing algebras and Lie algebras. An algebra without 
the Lie prehx is meant to be associative and have a 1. A subalgebra has the same 1 as the 
parent algebra. Recall the ring of integers Z = {0, ±1, ±2,...}. Throughout the paper we 
hx an integer d> 0. For a sequence we call u* the i-component or i-coordinate of the 

sequence. By the inversion of we mean the sequence {ud-i}f=o. Let F denote a field. 

Let V denote a vector space over F with dimension d + 1. Let End(R) denote the F-algebra 
consisting of the F-linear maps from V to V. Let Matrf_|_i(F) denote the F-algebra consisting 
of the d -|- 1 by d -|- 1 matrices that have all entries in F. We index the rows and columns 
by 0,1,..., d. Let denote a basis for V. For A G End(R) and M G Matd+i(F), we 

say that M represents A with respect to whenever Avj = J2i=o for 0 < j < d. 

Suppose we are given two bases for V, denoted {ui}f^Q and By the transition matrix 

from {ui}f^Q to we mean the matrix S G Matd+i(F) such that Vj = Y^f^oSijUi for 

0 < J < d. Let S denote the transition matrix from ^ Then S~^ exists 

and equals the transition matrix from {vi}f^Q to Let {wi}f^Q denote a basis for V 

and let H denote the transition matrix from to {wi}f^Q. Then SH is the transition 

matrix from to {wi}f^Q. Let A G End(R) and let M G Matrf+i(F) represent A with 

respect to Then S~^MS represents A with respect to Dehne a matrix 
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Z G Matrf+i(F) with (i, j)-entry for 0 < i, j < d. For example if d = 3, 

/ 0 0 0 1 \ 

0 0 10 
0 10 0 ■ 

\ 1 0 0 0 / 

Note that 7? = 1. Let denote a basis for V and consider the inverted basis {vd-i}f=Q. 

Then Z is the transition matrix from to {vd-i}f=Q- 

By a decomposition of V we mean a sequence of one dimensional subspaces of V 

such that V = ^ (direct sum). Given a decomposition {Vijf^Q of V, for notational 

convenience dehne G_i = 0 and Vd+i = 0. Let {vi}f^Q denote a basis for V. For 0 < i < d 
let Vi denote the span of Vi. Then the sequence {Vi}f^Q is a decomposition of V, said to be 
inducedhj the basis {vi}f^Q. Let {ui}f^Q and {vi}f^Q denote bases for V. Then the following 
are equivalent: (i) the transition matrix from {ui}f^Q to {vi}f^Q is diagonal; (ii) {ui}f^Q and 
{vi}i=o induce the same decomposition of V. 

Let {Vi}i=o denote a decomposition of V. For 0 < i < d dehne Ei G End(G) such that 
{Ei — I)Vi = 0 and EiVj = 0 for 0 < j < d, j 7 ^ i. We call E^ the ith primitive idempotent 
for {Vi}to- We have (i) E,Ej = 6i,jEi (0 < i,j < d); (ii) I = Eto^b (ni) = E,V 
(0 < i < d); (iv) rank(Ej) = 1 = tr(i?j) (0 < i < d), where tr means trace. We call {Ei}f^Q 
the idempotent sequence for {Vi}i=o- Note that {Ed-i}f=Q is the idempotent sequence for the 
decomposition {Vd-i}f^Q. 

Let {vi}f^Q denote a basis for V. Let {G}f=o denote the induced decomposition of V, 
with idempotent sequence {Ei}f^Q. For 0 < r < d consider the matrix in Matrf+i(F) that 
represents Er with respect to {vi}f^Q. This matrix has (r, r)-entry 1 and all other entries 0. 

Lemma 2.1. Let A G End(G). Let {Vi}i=o denote a decomposition of V with idempotent 
sequence {Ei}f^Q. Consider a basis for V that induces {Vi}Let M G Matrf+i(F) represent 
A with respect to this basis. Then for 0 < r, s < d the entry = 0 i/ and only if 
E^AEg = 0 . 

Proof. Represent A, Ej., Eg by matrices with respect to the given basis. □ 

By a flag on V we mean a sequence {Ui}f^Q of subspaces of V such that Ui has dimension 
i + lfor0<i<d and Lfi-i C Gj for 1 < i < d. For a hag ^ have Ltd = V. 

Let {V}i=o denote a decomposition of V. For 0 < i < d dehne Ui = Vq + ■■■ + Vi. Then 
the sequence {Ui}f^Q is a hag on V. This hag is said to be induced by the decomposition 
{Vi}i=o- Let {ui}f^Q denote a basis of V. This basis induces a decomposition of V, which in 
turn induces a hag on V. This hag is said to be induced by the basis {ui}f^Q. Let {ui}^^Q 
and {vi}f^Q denote bases of V. Then the following are equivalant: (i) the transition matrix 
from upper triangular; (ii) {ui}f^Q and {vi}f^Q induce the same hag on 

R. 

Suppose we are given two hags on V, denoted {U}}f^Q. These hags are called 

opposite whenever Ui D U} = 0 if i + j < d {0 < i, j < d). The following are equivalent: (i) 



{Ui}f^Q and {U'}f^Q are opposite; (ii) there exists a decomposition {i4}f=o of ^ indnces 
{Ui}f^Q and whose inversion induces {U'}f^Q. In this case Vi = UiD U'^_i for 0 < z < d. 

Let {Vi}i=o denote a decomposition of V. For A G End(Id), we say that A lowers {I4}f=o 
whenever AVi = Vi_i for 1 < z < d and AVq = 0. 

Lemma 2.2. Let {Vi}i=o denote a deeomposition of V, with idempotent sequence {Ei}f^Q. 
For A G End(Id) the following are equivalent: 

(i) A lowers {Vi}f=o; 

{n)EiAEj = l^^ (0<z,j<d). 

Proof. Use Lemma [2.1[ □ 

Let {Vi}f=o denote a decomposition of V and let A G End(U). Assume that {Vi}i=o is 
lowered by A. Then U = A‘^~^Vd for 0 < z < d. Moreover = 0. For 0 < z < d the 
subspace Vq + ■ • • + U is the kernel of and equal to In particular, Vq is the kernel 

of A and equal to A'^V. The sequences {ker and both equal the flag on 

V induced by {Vi}f=o- We say that A raises {U}f=o whenever AVi = 14+1 for 0 < z < d — 1 
and AVd = 0. Note that A raises {V}i=o if ^-^^d only if A lowers the inverted decomposition 

Lemma 2.3. Let {V}i=o denote a decomposition of V, with idempotent sequence {Ei}f^Q. 
For A G End(U) the following are equivalent: 

(i) A raises {V}f=o; 

(ii) EiAEj = ° * -^1’ (0 < i,3 < d). 

[0 ifz-jAl 

Proof. Apply Lemma ^I7I\ to the decomposition {Vd-i}f^Q. □ 

Definition 2.4. An element A G End(U) will be called Nil whenever = 0 and A^ ^ 0. 
Lemma 2.5. For A G End(U) the following are equivalent: 

(i) A is Nil; 

(ii) there exists a decomposition of V that is lowered by A; 

(iii) there exists a decomposition of V that is raised by A; 

(iv) for 0 < z < d the kernel o/ is 

(v) the kernel of A is A^V; 

(vi) the sequence {ker is a flag on V. 
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Proof, (i) (ii) By assumption there exists v & V such that A'^v 7 ^ 0. By assumption 
j\d+iv = Q_ Dehne u* = for 0 < z < d. Then Avi = Uj_i for 1 < z < d and Avq = 0. 

By these comments, for 0 < z < d the vector Vi is in the kernel of and not in the 
kernel of Ah Therefore {vi}f^Q are linearly independent, and hence form a basis for V. By 
construction the induced decomposition of V is lowered by A. 

(ii) -v^ (iii) A decomposition of V is raised by A if and only if its inversion is lowered by A. 
(ii) ^ (iv) By the comments above Lemma [2.31 

(iv) ^ (v) Clear. 

(v) (i) Observe that A'^^^V = A^A’^V) = 0, so = 0. The map A is not invertible, so 
A has nonzero kernel. This kernel is so A'^V 7 ^ 0. Therefore A*^ 7 ^ 0. So A is Nil by 
Dehnition 12.41 

(ii) ^ (vi) By the comments above Lemma 12.31 

(vi) ^ (i) For 0 < z < d let f/j denote the kernel of A*+^. By assumption {Ui}f^Q is a flag 

on V. We have Ud = V, so A'^+^ = 0. We have Ud-i 7 ^ V, so A'^ 7 ^ 0. Therefore A is Nil by 
Dehnition 12.41 □ 

We emphasize a point from Lemma 12.51 For a Nil element A G End(D) the sequence 
{A'^“W}(Lo is a hag on V. 

3 LR pairs 

In this paper, our main topic is the notion of an LR triple. As a warmup, we hrst consider 
the notion of an LR pair. 

Throughout this section V denotes a vector space over F with dimension d + 1. 

Definition 3.1. An ordered pair A, R of elements in End(R) is called lowering-raising (or 
LR) whenever there exists a decomposition of V that is lowered by A and raised by B. We 
refer to such a pair as an LR pair on V. This LR pair is said to be over F. We call V the 
underlying vector space. We call d the diameter of the pair. 

Lemma 3.2. Let A, B denote an LR pair on V. Then B, A is an LR pair on V. 

Lemma 3.3. Let A,B denote an LR pair on V. Then each of A,B is Nil. 

We mention a very special case. 

Example 3.4. Assume that d = 0. Then A,B^ End(R) form an LR pair if and only if 
A = 0 and R = 0. This LR pair will be called trivial. 

Let A, R denote an LR pair on V. By Dehnition 13.11 there exists a decomposition 
of V that is lowered by A and raised by R. We have V) = A‘^~'^Vd = RWq for 0 < z < d. 

Moreover Vq = A'^V and Vd = B^V. Therefore V) = A^“*R‘^R = B^A^V for 0 < z < d. 

The decomposition {Vi})hg is uniquely determined by A, R; we call the {A,B)- 

decomposition of V. Its inversion {Vd-i}f^Q is the (R, A)-decomposition of V. 

Definition 3.5. Let A, R denote an LR pair on V. By the idempotent seguence for A, R we 
mean the idempotent sequence for the (A, R)-decomposition of V. 
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We have some comments. 

Lemma 3.6. Let A, B denote an LR pair on V, with idempotent sequence {Ei}f^Q. Then 
the LR pair B, A has idempotent sequence {Ed-i}f^Q. 

Lemma 3.7. Let A,B denote an LR pair on V. The {A, B)-decomposition of V induces 
the flag {A‘^~'^V}f^Q. The {B, A)-decomposition of V induces the flag {B'^~^V}f^Q. The flags 
{A^~^V}f^Q and {B‘^~^V}f^Q are opposite. 

Lemma 3.8. Let A,B denote an LR pair on V. For nonzero a,/3 e¥ the pair aA,flB is 
an LR pair on V. The {aA, flB)-decomposition of V is equal to the {A, B)-decomposition 
ofV. Moreover the idempotent sequence for aA,flB is equal to the idempotent sequence for 
A,B. 

Lemma 3.9. Let A, B denote an LR pair on V. For 0 < r, s < d, consider the action of 
the map A^B'^A^ on the {A, B)-decomposition of V. The map sends the s-component onto 
the {d — r)-component. The map sends all other components to zero. 

Lemma 3.10. Let A,B denote an LR pair on V. Then the following is a basis for the 
W-vector space End(K).- 

A'^B'^A^ 0<r,s<d. (2) 

Proof. The dimension of End(E) is {d + 1)^. The list (EJ contains {d + 1)^ elements, and 
these are linearly independent by Lemma [3.91 The result follows. □ 

Corollary 3.11. Let A, B denote an LR pair on V. Then the ¥-algebra End(E) is generated 
by A,B. 

Proof. By Lemma 13.101 □ 

Lemma 3.12. Let A, B denote an LR pair on V. Let {Vi}f^Q denote the {A, B)-decomposition 
ofV. Then the following hold. 

(i) For 0 < i < d the subspace Vi is invariant under AB and BA. 

(ii) The map BA is zero on Vq. 

(hi) The map AB is zero on V^. 

(iv) For 1 <i < d, the eigenvalue of AB on is nonzero and equal to the eigenvalue of 
BA on Vi. 

Proof, (i)-(iii) The decomposition {V)})Lg is lowered by A and raised by B. 

(iv) Pick 0 7 ^ M G l^-i and 0 7 ^ n G V^. There exist nonzero r, s G F such that Av = ru and 
Bu = sv. The scalar rs is the eigenvalue of AB on Vi_i, and the eigenvalue of BA on Vi. □ 

Definition 3.13. Let A, B denote an LR pair on V. Let {Vijf^Q denote the {A, B)- 
decomposition of V. For 1 < i < d let ipi denote the eigenvalue referred to in Lemma 
l3.12f ivL Thus 0 7 ^ (p* G F. The sequence {ipi}f^i is called the parameter sequence for A, B. 
For notational convenience define (po = 0 and (fd+i = 0. 
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Lemma 3.14. Let A,B denote an LR pair on V, with parameter sequence Then 

the LR pair B, A has parameter sequence {(pd-i+i}i=i- 

Proof. Use Lemma 13.121 and Definition 134^ □ 

Here is an example of an LR pair. 

Example 3.15. Let denote a sequence of nonzero scalars in F. Let {vi}f^Q denote 

a basis for V. Define A G End(U) such that Avi = for 1 < i < d and Avq = 0. Dehne 

B G End(U) such that Bvi = Vi+i for < i < d — 1 and Bvd = 0. Then the pair A, B is an 
LR pair on V, with parameter sequence {ipi}f^i. The (H, i?)-decomposition of V is induced 
by the basis {vi}f^Q. 

Let A, B denote an LR pair on V, with idempotent sequence {Ei}f^Q. Our next goal is to 
obtain each Ei in terms of A, B. 

Lemma 3.16. Let A,B denote an LR pair on V, with parameter sequence and 

idempotent sequence Then 

d—\ d 

AB = Ejipj+i, BA = Y^ Ej^j. (3) 

j=0 j=l 

Proof Use Dehnitions 1331 13.131 □ 

The following result is a generalization of Lemma 13.161 

Lemma 3.17. Let A,B denote an LR pair on V, with parameter sequence and 

idempotent sequence {Ei}f^Q. Then for 0 < r < d, 

d—r 

A^B^ = Ejipj+ppj+2 ■ ■ ■ ^j+r, ( 4 ) 

j=0 

d 

B'^A'' = Yi EjTjTj-i ■ ■ ■ Tj-r+i- ( 5 ) 

j=r 


Proof. To verify (jll), note that for 0 < i < d, the two sides agree on component i of the 
(H, i?)-decomposition of V. Line ([5]) is similarly verihed. □ 

Lemma 3.18. Let A,B denote an LR pair on V, with idempotent sequence {Ei}f^Q. Then 
for 0 < i < d, 


j^d-ipdjp Qij^dQd-i 

Ei = -, Ei = -, 

Lpi---Lpd ‘Li-'-Td 


( 6 ) 


where is the parameter sequence for A, B. 

Proof. To obtain the formula on the left in ([6]), in the equation 

evaluate the right-hand side using Lemma 13.171 and simplify the result using ErEg = dr^sEr 
(0 < r, s < d). The formula on the right in (j6]) is similarly obtained. □ 
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Lemma 3.19. Let A,B denote an LR pair on V, with idempotent sequence Then 

for 0 < i < j < d the following are zero: 

A^Ei, EjA^-\ EiB\ B^-^Ej. 

Proof. By ([ 6 ]) together with A^^^ = 0 and B^~^^ = 0. □ 

Lemma 3.20. Let A, B denote an LR pair on V, with parameter sequence and 

idempotent sequence {Ei}f^Q. Then for 0 < i < d, 

tT{ABEi) = ifi+i, ti{BAEi) = Lfi. (7) 

Proof. In the eqnation on the left in ([3]), mnltiply each side on the right by Ei to get 
ABEi = (fi^iEi. In this eqnation, take the trace of each side, and recall that E^ has trace 1. 
This gives the eqnation on the left in ([7]). The other eqnation in ([7]) is similarly verihed. □ 

Let A, B denote an LR pair on V. We now describe a set of bases for V, called (A, i?)-bases. 

Definition 3.21. Let A,B denote an LR pair on V. Let {Vi}f^Q denote the {A, B)- 
decomposition of V. A basis {vi}f^Q for V is called an {A, B)-basis whenever: 

(i) G Rj for 0 < i < d; 


(ii) Avi = Vi-i for 1 < i < d. 

Lemma 3.22. Let A, B denote an LR pair on V. Let {vi}f^Q denote an (A, B)-basis for V, 
and let denote any vectors in V. Then the following are equivalent: 

(i) {A, B)-basis for V; 


(ii) there exists 0 7 ^ C G F such that v[ = C,Vi for 0 < i < d. 
Proof. Use Dehnition 13.211 


□ 


Lemma 3.23. Let A,B denote an LR pair on V, with parameter sequence Let 

{vi\f^Q denote a basis for V. Then the following are equivalent: 

(i) is an {A, B)-basis for V; 

(ii) with respect to {vi}f^Q the matrices representing A and B are 


A : 


( 0 1 
0 1 
0 


Vo 


0 \ 


1 

0 J 


B : 


( 0 

Tx 0 
T2 0 


V 0 


0 \ 


( 8 ) 


Td ^ j 


Proof, (i) ^ (ii) Use Dehnitions 13.13113.211 

(ii) ^ (i) Let denote the decomposition of V indnced by By ([H]), {Rj^Lo 

lowered by A and raised by B. Therefore is the {A, i?)-decomposition of V. Now by 

Dehnition 13.211 is an {A, B)-hasis for V. □ 
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Lemma 3.24. Let A, B denote an LR pair on V, with parameter sequence Let 

{vi}f^Q denote any vectors in V. Then the following are equivalent: 

(i) {vi}f^Q is an {A, B)-basis for V; 

(ii) 0 ^ Vo E A'^V and Bvt = (pi+iVi+i for 0 < i < d — 1; 

(iii) there exists 0 ^ p E A^V such that Vi = ((^ 1(^2 • • • <i < d; 

(iv) t) ^ VdE B'^V and Avi = Vi-i for I <i < d; 

(v) there exists 0 7 ^ ^ G B‘^V such that Vi = for Q <i < d. 

Proof. Use Lemma [3.23[ □ 

Let A, B denote an LR pair on V. By an inverted {A, B)-basis for V we mean the inversion 
of an (R, R)-basis for V. 

Lemma 3.25. Let A, B denote an LR pair on V. Let {Vi}f=o denote the [A, B)-decomposition 
of V. A basis {vi}f^Q for V is an inverted (R, B)-basis if and only if both 

(i) Vi E Vd-i /or 0 < i < d; 

(ii) Avi = Oj+i for 0 < i < d — 1. 

Proof. By Definition 13.211 and the meaning of inversion. □ 

Lemma 3.26. Let A,B denote an LR pair on V, with parameter sequence Let 

{vi}f^Q denote a basis for V. Then the following are equivalent: 

(i) {vi}f^Q is an inverted {A, B)-basis for V; 

(ii) with respect to the matrices representing A and B are 


A : 

( ° 

1 0 

1 0 

0 \ 

, B: 

/ 0 (pd 

0 (pd-i 

0 ■ 

0 \ 

(9) 


VO 

1 0 ) 


VO 

0 y 



Proof. By Lemma 13.231 and the meaning of inversion. □ 

Lemma 3.27. Let A,B denote an LR pair on V, with parameter sequence Let 

denote any vectors in V. Then the following are equivalent: 

(i) {vi}f^Q is an inverted {A, B)-basis for V; 

(ii) 0 ^ Vo E B^V and Avi = Oj+i for Q < i < d — 1; 

(iii) there exists 0 7^ / G B'^V such that Vi = R*/ for 0 < i < d; 
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(iv) 0 7^ Vrf G and Bvi = ipd-i+iVi-i for 1 <i < d; 

(v) there exists 0 7^ ?7 G A'^V such that Vi = {(pi(p2 ■ ■ ■ for 0 < i < d. 

Proof. By Lemma 13.241 and the meaning of inversion. □ 

Let A, B denote an LR pair on V. We now consider a {B, R)-basis for V. 

Lemma 3.28. Let A, B denote an LR pair on V. Let denote the {A, B)-decomposition 

of V. A basis for V is a {B, A)-hasis if and only if both 

(i) Vi G Vd-i forO<i < d; 


(ii) Bvi = Vi-i for 1 < i < d. 

Proof. Apply Definition 13.211 to the LR pair B,A. □ 

Lemma 3.29. Let A,B denote an LR pair on V, with parameter sequence {(pi}f^i. Let 
{vi}f^Q denote a basis for V. Then the following are equivalent: 

(i) {vi}f^Q is a {B, A)-basis for V; 

(ii) with respect to {vi}f^Q the matrices representing A and B are 


/ 0 0 \ 

Pd 0 

Pd-1 0 


\ 0 Pi 0 / 


j 0 1 
0 1 


VO 


0 \ 

1 

0 / 


( 10 ) 


Proof. Apply Lemma 13.231 to the LR pair B, A. □ 

Lemma 3.30. Let A, B denote an LR pair on V, with parameter sequence {pi}f=i. Let 
{vi}f^Q denote any vectors in V. Then the following are equivalent: 

(i) {nj})Lo is a {B, A)-basis for V; 

(ii) 0 7 ^ no ^ and Avi = (pd-i^i+i for 0 < i < d — 1; 

(hi) there exists 0 ^ ^ E B'^V such that Vi = [ipdPd-i ■ ■ ■ Pd-i+i)~^A'‘^ for <i < d; 

(iv) 0 7 ^ Vd G A’^V and Bvi = Vi-i for I <i <d; 

(v) there exists 0 7 ^ 77 G A^V such that Vi = B^~''rj for <i < d. 

Proof. Apply Lemma 13.241 to the LR pair B, A. □ 

Let A,B denote an LR pair on V. We now consider an inverted (R, A)-basis for V. 

Lemma 3.31. Let A, B denote an LR pair on V. Let {l^}f=o denote the (A, B)-decomposition 
of V. A basis {vi}f^Q for V is an inverted (R, A)-basis if and only if both 
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□ 


(i) Vi G Vi for 0 <i < d; 


(ii) Bvi = Vi+i for 0 < i < d — 1. 

Proof. Apply Lemma [3.251 to the LR pair B, A. 

Lemma 3.32. Let A, B denote an LR pair on V, with parameter sequence Let 

{'Vi}i=o denote a basis for V. Then the following are equivalent: 

(i) inverted {B, A)-basis for V; 

(ii) with respect to the matrices representing A and B are 


A : 

/ 0 (fi 

0 (p2 

0 ■ 

0 \ 

, B-. 

( ° 

1 0 

1 0 

0 \ 

(11) 


VO 

• Td 

0 y 


VO 

1 0 yi 



Proof. Apply Lemma [3.261 to the LR pair B, A. □ 

Lemma 3.33. Let A,B denote an LR pair on V, with parameter sequence Let 

{'Vi}i=o denote any vectors in V. Then the following are equivalent: 

(i) {vi}f^Q is an inverted {B, A)-basis for V; 

(ii) 0 7 ^ uo G A'^V and Bvi = Vi+i for 0 < i < d — 1; 

(iii) there exists 0 7 ^ 77 G A'^V such that Vi = B'^r] for 0 < i < d; 

(iv) 0 7 ^ Vd G B‘^V and Avi = (fiVi^i for I <i < d; 

(v) there exists 0 7 ^ G B‘^V such that Vi = {cpd^fd-i ■ ■ ■ for 0 < i < d. 

Proof. Apply Lemma 13.271 to the LR pair B, A. □ 

Let A, B denote an LR pair on V. Earlier we used A, B to obtain four bases for V. We now 
consider some transitions between these bases. 

Lemma 3.34. Let A, B denote an LR pair on V, with parameter sequence 

(i) Let {vi}f^Q denote an {A, B)-basis for V. Then the sequence { 951(^2 • • ■ TiVi}i=o is an 
inverted {B, A)-basis for V. 

(ii) Let {vi}f^Q denote an inverted {B, A)-basis for V. Then {((pi(p2 • • on 

(A, B)-basis for V. 

(iii) Let {vi}f^Q denote a {B, A)-basis for V. Then the sequence {((pi(p 2 • • • 
an inverted (A, B)-basis for V. 
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(iv) Let {vi}f^Q denote an inverted {A, B)-basis for V. Then {ipiip 2 ■ ■ ■ (pd-iVi}i=o a 
{B, A)-basis for V. 

Proof, (i), (ii) Compare Lemma [3.24r iii) and Lemma [3.33r iiiL 

(iii), (iv) Compare Lemma [3.27r v) and Lemma [3.30r v). □ 

We now discnss isomorphisms for LR pairs. 

Definition 3.35. Let A, B denote an LR pair on V. Let V denote a vector space over F 
with dimension d + 1, and let A',B' denote an LR pair on V'. By an isomorphism of LR 
pairs from A, B to A', B' we mean an F-linear bijection a \ V ^ V' snch that a A = A'a 
and aB = B'a. The LR pairs A, B and A', B' are called isomorphic whenever there exists 
an isomorphism of LR pairs from R, B to R', B'. 

We now classify the LR pairs np to isomorphism. 

Proposition 3.36. Consider the map which sends an LR pair to its parameter sequence. 
This map induces a bijection between the following two sets: 

(i) the isomorphism classes of LR pairs over F that have diameter d; 

(ii) the sequences of nonzero scalars in F. 

Proof. By Example 13.151 and Lemma 13.321 □ 

We have some comments abont Definition 13.351 

Lemma 3.37. Referring to Deftnition \3. 351 let and denote the idempotent 

sequences for A, B and Aj B' respectively. Let a denote an isomorphism of LR pairs from 
A, B to Aj B'. Then aEi = E[a for 0 < i < d. 

Proof. Use Lemma [3. 181 □ 

Lemma 3.38. Let A, B denote an LR pair on V. For nonzero a G End(U) the following 
are equivalent: 

(i) a is an isomorphism of LR pairs from A, B to A, B; 

(ii) a commutes with A and B; 

(iii) a commutes with everything in End(U); 

(iv) there exists 0 7^ C G F such that a = (L 

Proof, (i) ^ (ii) By Definition 13.351 

(ii) ^ (iii) By Corollary ETH 

(iii) ^ (iv) By linear algebra. 

(iv) ^ (i) By Definition 13.351 □ 

We have some comments abont Lemma 13.81 
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Lemma 3.39. Let A,B denote an LR pair on V, with parameter sequence For 

nonzero a,(d e¥ the LR pair aA^(3B has parameter sequence 

Proof. Use Definition 13.131 □ 

Lemma 3.40. Let A, B denote a nontrivial LR pair over F. For nonzero a,/? G F the 
following are equivalent: 

(i) the LR pairs A, B and aA, (3B are isomorphic; 

(ii) ajd = 1. 

Proof. Use Proposition 13.361 and Lemma 13.391 □ 

Lemma 3.41. Let A, B denote an LR pair on V. Pick nonzero a,/3 G F. 

(i) Let {vi}f^Q denote an {A, B)-basis for V. Then the sequence is an {aA, (dB)- 

hasis for V. 

(ii) Let denote an inverted {A, B)-basis for V. Then the sequence {a^Vi}f^Q is an 

inverted {aA, (dB)-basis for V. 

(iii) Let denote a {B, A)-basis for V. Then the sequence is a {(3B,aA)- 

basis for V. 

(iv) Let denote an inverted {B, A)-basis for V. Then the sequence is an 

inverted {/3B, aA)-basis for V. 

Proof. To obtain part (i) nse Lemma 13.81 and Definition 13.211 Parts (ii)-(iv) are similarly 
obtained. □ 

Definition 3.42. Let denote a fiag on V. An element A G End(U) is said to lower 

{Ui}i=Q whenever AUi = Ui_i for 1 < i < d and AUq = 0. The map A is said to raise 
whenever Uj + ALfi = Uj+i for 0 < i < d — 1. 

Lemma 3.43. Let {U}f=o denote a decomposition ofV that is lowered by A ^ End(U). 

(i) The flag induced by {Vi}f=o lowered by A. 

(ii) The flag induced by {Vd-i}f=Q is raised by A. 

Proof, (i) Let {Ui}f^Q denote the fiag on V that is indnced by {U}f=o- Then Ui = Vb + - • -TU 
for 0 < i < d. By assnmption AVi = U-i for 1 < i < d and AVq = 0. Therefore AUi = Uj_i 
for 1 < i < d and AUq = 0. In other words, the fiag {Ui}f^Q is lowered by A. 

(ii) Let denote the fiag on V that is induced by {Vd-i}f^Q. Then Ui = Vd-i H— • + Vd 

for 0 < i < d. For 0 < i < d — 1, AUi = Vd-i-i + • • • + Vd-i- By these comments 
Ui + AUi = Ui+i. Therefore raised by A. □ 

Lemma 3.44. Let A, B denote an LR pair on V. 

(i) The flag is lowered by A and raised by B. 


18 












(ii) The flag {B'^ *^}f=o raised by A and lowered by B. 

Proof. The {B, 74)-decomposition of V is the inversion of the {A, i?)-deconiposition of V. 
The {A, i?)-deconiposition of V is lowered by A. The {B, 74)-deconiposition of V is lowered 
by B. By Lemma ISTl the (A, i?)-decomposition of V induces the flag {A'^~'‘V}f^Q, and the 
{B, 74)-decomposition of V induces the flag {B'^~^V}f^Q. The result follows in view of Lemma 
[3331 □ 

Lemma 3.45. Let {f/j}f=o }f=o denote flags on V. Then the following are equivalent: 

(i) {Uijf^Q and opposite; 

(ii) there exists A e End(lL) that lowers {Ui}f^Q and raises {f/'}f= 0 ' 

Assume that (i), (ii) hold, and define V) = t/, fl U'^_i for 0 < i < d. Then the decomposition 
{Vi}i=o *'5 lowered by A. 

Proof, (i) ^ (ii) Dehne V) = t/, fl U'^_i for 0 < i < d. Then ^ decomposition of V 

that induces {Ui}f^Q and whose inversion induces {Ld}f=o- Let A G End(ld) lower {Vi}f^Q. 
By Lemma 13.431 A lowers {Ui}f^Q and raises {Ld}f=o- 

(ii) ^ (i) We display a decomposition {Wi}f^Q of V that induces {Ui}f^Q and whose inversion 
induces {f/3f=o- Define Wi = A'^~^U'q for 0 < i < d. We show that {lW})Lo is a decomposi¬ 
tion of V. Note that 1/q has dimension one, so Wi has dimension at most one for 0 < i < d. 
Using the assumption that A raises we obtain f/j = Wd + Wd-i -l- ■ ■ ■ -l- Wd-j for 

0 < J < d. Setting j = d we find V = Yli=o Dhe dimension of U is d -|- 1. Therefore 
the sum V = direct, and Wi has dimension one for 0 < i < d. In other words 

{Wijf^Q is a decomposition of V. By construction, the inverted decomposition {Wd-i}f=o 
induces {LdjiLo- By assumption A lowers the flag {Uj}f=o- By Definition 13.421 {Ui}f^Q is the 
unique flag on V that is lowered by A. By the definition of {IW}f=o AWi = IW_i 

for 1 < i < d. Also AWq = = 0 since A is Nil. Consequently A lowers {IWjiLo- By 

Lemma 13.431 A lowers the flag induced by By these comments {Wi}f^Q induces 

{Ui}f^Q. We have shown that the decomposition induces {Ui}f^Q and the inverted 

decomposition {Wd-i}f=Q induces {f/j'}f=o- Therefore {Ui}f^Q and {Ul}f^Q are opposite. 
Assume that (i), (ii) hold. Recall from the proof of (ii) (i) that the decomposition 
induces and the inverted decomposition {Wd-i}f=Q induces {Uj'}f=o- There¬ 

fore Wi = Uin Ud_i = Vi for 0 < i < d. Recall also from the proof of (ii) ^ (i) that A lowers 
{Wito- So A lowers {U}to- □ 

Proposition 3.46. Let A,B E End(U). Then A,B is an LR pair on V if and only if the 
following (i)-(iii) hold: 

(i) A and B are Nil; 

(ii) the flag {A^~W}f^Q is raised by B; 

(in) the flag raised by A. 
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Proof. First assume that A, B is an LR pair on V. Then condition (i) holds by Lemma [3.31 
and conditions (ii), (iii) hold by Lemma [3.441 Conversely, assume that the conditions (i)-(iii) 
hold. To show that A, B is an LR pair on V, we display a decomposition {Vi}f^Q of V that 
is lowered by A and raised by B. By construction and since A is Nil, the flag {A‘^~^V}f^Q is 
lowered by A. By assumption the flag is raised by A. Now by Lemma [3.451 the 

flags opposite. Define Vi = H B^V for 0 < i < d. By 

Lemma [3.451 the decomposition {Vi}f^Q is lowered by A. Interchanging the roles of A,B in 
the argument so far, we see that raised by B. We have shown that A, B is an LR 

pair on R. □ 

We define some matrices for later use. 

Definition 3.47. Let A,B denote an LR pair on V, with parameter seqnence {ipi}f^i. 
Dehne a diagonal matrix D G Matrf+i(F) with (z, z)-entry (pi(p 2 ■ ■ ■ for 0 < i < d. 

Lemma 3.48. Let A,B denote an LR pair on V, with parameter sequence For 

M G Matd+i(F) the following are equivalent: 

(i) M is the transition matrix from an {A, B)-basis ofV to an inverted {B,A)-basis ofV; 


(ii) there exists 0 7 ^ C ^ such that M = (D. 

Proof. Use Lemma [3.34lf iL □ 

Definition 3.49. Let r denote the matrix in Matrf+i(F) that has {i — l,i)-enfr^ 1 for 1 < 
i < d, and all other entries 0. Thus 

/Of o\ /o 0\ 


T = 


0 1 

0 ■ 


Vo 


1 

0 ) 


ZrZ = 


1 0 
1 0 


Vo 


1 0 / 


Let A,B denote an LR pair on V, with parameter sequence In lines (E]), (E]), flTOl) . 

m we enconntered some matrices that had {(Pi}f^i among the entries. We now express 
these matrices in terms of Z, D, r. 

Lemma 3.50. Referring to Definitions \3.4't\ and\3.49, 


f ^ Pi 

0 Lp2 


D-^tD = 


0 


Vo 


0 \ 


Pd 

0 / 


f 0 Pd 

0 Pd-1 


ZDZtZD-^Z = 


0 


/ 0 

Pd 0 


ZD^WDZ = 


0 \ 


Pd-1 0 


V 0 


Vo 

/ 0 

Pi 0 


DZtZD-^ = 


Pi 0 J 


0 \ 


Pi 

0 / 
0 \ 


P2 0 


V 0 


Pd 0 / 
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Proof. Matrix multiplication. 


□ 


In Section 12 we will consider some powers of the matrix r from Definition 13.491 We now 
compute the entries of these powers. 

Lemma 3.51. Referring to Definition\3.49[ for 0 < r < d the matrix has {i,j)-entry 


= 


1 a j - i = r; 
0 ii j — i ^ r 


Moreover = 0. 


(0 < i,i < d). 


Proof. Matrix multiplication. □ 

Let A, B denote an LR pair on V, with parameter sequence As we proceed, we will 

encounter the case in which the satisfy a linear recurrence. We now consider this 

case. 


Lemma 3.52. Let A,B denote an LR pair on V, with parameter sequence Pick 

an integer r (1 < r < d + 1). Let x and {yi}i=Q denote scalars in F. Then the following are 
equivalent: 

(i) 

(ii) xB--^ = Y:,=oy^B^-^AB\ 

(iii) X = yo^pi + yig^i+i H - h yrPi+r fort) <i <d - r + 1. 

Proof. Represent A and B by matrices as in ([8]). □ 


4 LR pairs of Weyl and g^-Weyl type 

In this section we investigate two families of LR pairs, said to have Weyl type and g-Weyl 
type. We begin with an example that illustrates Lemma 13.521 Throughout this section V 
denotes a vector space over F with dimension d + 1. 

Example 4.1. Let A, B denote an LR pair on V, with parameter sequence By 

Lemma 13.521 


AB- BA = I 


( 12 ) 


if and only if 


(Pi+i-(Pi = l (0<i<d). (13) 

Note 4.2. The equation flT^ is called the Weyl relation. 

Definition 4.3. The LR pair A, B in Example 14.11 is said to have Weyl type whenever it 
satishes the equivalent conditions flT^ . flT^ . 
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Note 4.4. Referring to Example 14.11 assume that A, B has Weyl type. Then the LR pair 
B, —A has Weyl type. 


Lemma 4.5. Referring to Example \4-1 
below. 


assume that A, B has Weyl type. 


Then (i), (ii) hold 


(i) (fi = i for 1 < i < d. 

(ii) The integer p = d + 1 is prime and Char(F) = p. 

Proof. By flT^ and (po = 0 we obtain (pi = i for 1 < i < d + 1. We have (fd+i = 0, so 
d + 1 = 0 in the held F. For 1 < i < d we have 7 ^ 0, so z 7 ^ 0 in F. The results follow. □ 

Lemma 4.6. Assume that p = d + 1 is prime and Char(F) = p. Define (fi = i for 1 <i < d. 
Then are nonzero; let A,B denote the LR pair over¥ that has parameter seguence 

Then A, B has Weyl type. 

Proof. One checks that condition flT^ is satished. □ 

Lemma 4.7. Assume that p = d + 1 is prime and Char(F) = p. Then for A,B& End(R) 
the following are equivalent: 

(i) neither of A, B is invertible and AB — BA = I; 

(ii) A, B is an LR pair on V that has Weyl type. 

Proof, (i) (ii) Since A is not invertible, there exists 0 ^ r] E V such that Ap = 0. Dehne 
Vi = B'^p for 0 < z < d. By construction, Avq = 0 and Bvi-i = Vi for 1 < z < d. Using 
AB — BA = I and induction on z, we obtain Avi = ivi-i for 1 < z < d. Note that z 7 ^ 0 
in F for 1 < z < d. By these comments, for 0 < z < d the vector Vi is in the kernel of A^^^ 
and not in the kernel of Ah Therefore {nj})Lo linearly independent and hence form a 
basis for V. By construction the induced decomposition {U}f=o is lowered by A. Therefore 
A is Nil. Replacing A, B by B, —A in the above argument, we see that B is Nil. Now 
Bvd = B'^^^p = 0. Now by construction B raises the decomposition {U}f=o- We have shown 
that the decomposition {Vi}f=o is lowered by A and raised by B. Therefore A, B is an LR 
pair on V. This LR pair has Weyl type by Dehnition 14.31 and since AB — BA = I. 

(ii) ^ (i) The elements A, B are not invertible, since they are Nil by Lemma 13.31 By 
Dehnition 14.31 we have AB — BA = I. □ 

Later in the paper we will use the following curious fact about LR pairs of Weyl type. 

Lemma 4.8. Assume d > 2. Let A,B denote an LR pair on V that has Weyl type. Define 
C = —A — B. Then the pairs R, C and C, A are LR pairs on V that have Weyl type. 

Proof. By Dehnition 14.31 AB — BA = I. By Lemma I4.5f ii). p = d + 1 is prime and 
Char(F) = p. We show that R, C is an LR pair on V that has Weyl type. To do this 
we apply Lemma 14.71 to the pair R, C. Using AR — RA = I and the dehnition of C, we 
hnd BC — CB = I. The map R is not invertible since R is Nil. We show that C is not 
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invertible. By Lemma [3.321 with respect to an inverted {B, y4)-basis for V the element A + B 
is represented by 


/ 0 
1 


Vo 


1 

0 

1 


0 \ 


d 

0 / 


(14) 


By our assumption d > 2, the prime p = d + 1 is odd. Therefore d is even. Dehne 

-1)* 


Z2i = 


2H\ 


(0 < z < d/2) 


and Z2i+i = 0 for 0 < z < d/2. The matrix flTTD times the column vector (zq, zi, ..., ZdY is 
zero. Therefore the matrix (na is not invertible. Therefore ^4 + i? is not invertible, so C 
is not invertible. Applying Lemma [4.71 to the pair S, C we hnd that B, C is an LR pair on 
V that has Weyl type. One similarly shows that C, A is an LR pair on V that has Weyl 
type. □ 

Here is another example of an LR pair. 

Example 4.9. Let A, B denote an LR pair on V, with parameter sequence Pick a 

nonzero g G F such that Y 1- By Lemma [3.521 


qAB — q ^BA 


q-q 


-1 


= / 


(15) 


if and only if 


q(pi+i - q Vi ^ ^ 
g-g-i 


(0 < z < d). 


Note 4.10. The equation f[T5l) is called the q-Weyl relation. 


(16) 


Definition 4.11. The LR pair A, B in Example 14.91 is said to have q-Weyl type whenever it 
satishes the equivalent conditions f[T5|) . flT6|) . 


Note 4.12. Referring to Example 14.91 assume that A,B has g-Weyl type. Then A,B has 
(—g)-Weyl type. Moreover the LR pair R, A has (g“^)-Weyl type. 


Lemma 4.13. Referring to Example assume that A,B has q-Weyl type. Then (i)-(v) 
hold below. 


(i) d> 1. 

(ii) (pi = 1 — for 1 < i < d. 

(iii) Assume that Char(F) Y 2 and d is odd. Then q is a primitive (2d + 2)-root of unity. 
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(iv) Assume that Char(F) ^ 2 and d is even. Then q becomes a primitive {2d + 2)-root of 
unity, after replacing q by —q if necessary. 


(v) Assume that Char(F) = 2. Then d is even. Moreover q is a primitive {d + l)-root of 
unity. 

Proof. By fll6p and (fQ = 0 along with induction on i, we obtain ipi = 1—for 1 < i < d+l. 
We have (pd+i = 0, so 1 < ^ < d we have ipi ^ 0, so ^ 1. The results 

follow. □ 

Definition 4.14. For g G F the ordered pair d, g will be called standard whenever the 
following (i)-(iii) hold. 

(i) d > 1 . 

(ii) Assume Char(F) ^ 2. Then g is a primitive (2d + 2)-root of unity. 

(iii) Assume Char(F) = 2. Then d is even, and g is a primitive (d + l)-root of unity. 

Note 4.15. Referring to Dehnition 14.141 assume that d, g is standard. Then g is nonzero 
and g^ 7 ^ 1 . 


Lemma 4.16. Referring to Example \4.9 . 
standard or d, —q is standard. 


assume that A, B has q-Weyl type. 


Then d, g is 


Proof. Use Lemma 14.131 and Dehnition 14.141 □ 

For the rest of this section, the following assumption is in effect. 

Assumption 4.17. Fix g G F and assume that d, g is standard. We £x a square root g^^^ 
in the algebraic closure F. 

Lemma 4.18. With reference to Assumption \4.11[ define (pi = 1 — g“^* for 1 < i < d. Then 
{Ti}i=i nonzero; let A, B denote the LR pair over¥ that has parameter sequence {(pi}f=i. 
Then A, B has q- Weyl type. 


Proof. Condition ffT6|l is readily checked. 


□ 


Lemma 4.19. 

equivalent: 


With reference to Assumption 14.121 for A,Be End(U) the following are 


(i) neither of A, B is invertible and 

qAB — q~^BA 


( 17 ) 


(ii) A, B is an LR pair on V that has q-Weyl type. 
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Proof. The proof is similar to the proof of Lemma W7f\ For the sake of completeness we give 
the details. 

(i) ^ (ii) For 1 <i < d dehne <pj = 1 — and note that <pj 7 ^ 0. Since A is not invertible, 

there exists 0 7 ^ G Id snch that Arj = 0. Dehne n* = B^rj for 0 < i < d. By construction, 
Avq = 0 and Bvi^i = n* for 1 < z < d. Using ffT7|) and induction on z, we obtain Avi = (piVi^i 
for 1 < z < d. By these comments, for 0 < z < d the vector Vi is in the kernel of A^^^ and 
not in the kernel of A^. Therefore are linearly independent and hence form a basis 

for V. By construction the induced decomposition {Vi}f=o is lowered by A. Therefore A 
is Nil. Replacing A,B,q by B,A,q~^ in the above argument, we see that B is Nil. Now 
Bvd = = 0. Now by construction B raises the decomposition {U}f=o- We have shown 

that the decomposition {Vi}f=o is lowered by A and raised by B. Therefore A, B is an LR 
pair on V. This LR pair has g-Weyl type by Dehnition 14.111 and ffT7|) . 

(ii) ^ (i) The elements A, B are not invertible since they are Nil by Lemma 13^ By Dehnition 

14. Ill the pair A, B satishes flTTD . □ 

With reference to Assumption 14.171 let A, B denote an LR pair on V that has g-Weyl type. 
Later in the paper we will need the eigenvalues of qA + q~^B. Our next goal is to compute 
these eigenvalues. 


Lemma 4.20. Pick a nonzero 6 G F such that P ^ 1 for 1 < z < d. For the tridiagonal 
matrix 


/ 0 6‘^-l 0 \ 

6 — 1 0 — b 

P-1 0 

Jjd _ Jjd — 1 

\ 0 6 '^-l 0 / 


(18) 


the roots of the characteristic polynomial are 


P — j = 0,1,..., d. 


(19) 


For 0 < j < d we give a (column) eigenvector for the matrix flT8|l and eigenvalue P — P P 
This eigenvector has ith coordinate 


302 


b \ P 


-d 


.b-i 


0, b-^ 



for 0 < z < d. We follow the standard notation for basic hypergeometric series [101 P- 4]. 
Proof. See [201 Example 5.9]. □ 

Definition 4.21. With reference to Assumption I4.17i dehne 

Oj = ^ ^-i-i/2 (0 < j < d). (20) 

Lemma 4.22. With reference to Assumption \f.l1\ and Definition \f.21\ the following (i)-(iv) 
hold. 
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(i) 9j = -9d-j for 0 <j <d. 

(ii) Assume that d = 2m is even. Then 9m = 0. 

(iii) Assume that Char(F) ^ 2. Then {9j}‘j^Q are mutually distinct. 

(iv) Assume that Char(F) = 2, so that d = 2m is even. Then {9j}fhQ are mutually distinct. 

Proof. Use Definition 14.211 and the restrictions on q given in Definition 14.141 □ 


Lemma 4.23. With reference to Assumption 4-17 , let A, B denote an LR pair on V that 
has q-Weyl type. Then for qA + q~^B the roots of the characteristic polynomial are {9j}‘j^Q. 


Proof. Let P[ denote the matrix in Matd+i(F) that represents qA + q~^B with respect to an 
inverted {B, y4)-basis for V. The entries of P[ are obtained using Lemma [3.321 Let A denote 
the matrix (ITSil . with b = q~^. For 1 < i < d define n* = — 1) and note that n* 7 ^ 0. 

Define a diagonal matrix N G Matd+i(F) with (bf)-entry nin 2 ■ ■ - Ui for 0 < i < d. Note 
that N is invertible. By matrix multiplication H = q~^^‘^N~^AN. One checks that 


Oj = _ bd-j^ {0<3 <d). 


By these comments and Lemma 14.201 for the matrix H the roots of the characteristic poly¬ 
nomial are {9jYj^Q. The result follows. □ 


5 The dual space V* 

Recall our vector space V over F with dimension d -|- 1. Let V* denote the vector space 
over F consisting of the F-linear maps from V to F. We call V* the dual space for V. 
The vector spaces V and V* have the same dimension d -|- 1. There exists a bilinear form 
(, ) : U X U* —)■ F such that (u, f) = f{u) for all m G U and / G V*. This bilinear form 
is nondegenerate in the sense of [161 Section 11]. We view (U*)* = V. Nonempty subsets 
X C V and Y (TV* are called orthogonal whenever (x, ?/) = 0 for all a; G X and y ^ Y. 
For a subspace U of V (resp. V*) let denote the set of vectors in V* (resp. V) that are 
orthogonal to everything in U. The subspace f/-*- is called the orthogonal complement of U. 
Note that dim(f/) -I- dim([/-‘-) = d -|- 1. 

A basis of V and a basis of V* are called dual whenever (ni,n') = for 

0 < "i, j < d. Each basis of V (resp. V*) is dual to a unique basis of V* (resp. V). Let {ui}f^Q 

(resp. denote a basis of V, and let (resp. denote the dual basis 

of V*. Then the following matrices are transpose: (i) the transition matrix from to 

{vi}f^Q; (ii) the transition matrix from to 

A decomposition {Vi}f=o of ^ ^ind a decomposition of V* are called dual whenever 

V), 1/' are orthogonal for all i,j (0 <i^i < d) such that i 7 ^ j. Let denote a basis 

of V and let denote the dual basis of V*. Then the following are dual: (i) the 

decomposition of V induced by (ii) the decomposition of V* induced by {n'}(ho- 

Each decomposition of V (resp. V*) is dual to a unique decomposition of V* (resp. V). 
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A flag {Ui}f^Q on V and a flag on V* are called dual whenever Ui, f/j are orthogonal 

for all i,j (0 < i,j < d) snch that i+j = d—1. In this case Ui, Uj are orthogonal complements 
for all i,j (0 < i,j < d) snch that i + j = d — 1. Each flag on V (resp. V*) is dnal to a 
nniqne flag on V* (resp. V). 

Lemma 5.1. Let {Vi}f^Q denote a decomposition of V and let denote the dual 

decomposition of V*. Then the following are dual: 

(i) the flag on V induced by 

(ii) the flag on V* induced by 

Proof. Let and {U-}f^Q denote the flags from (i) and (ii), respectively. For 0 < i < d 

we have Ui = Vo + ■ —h V) and U- = Vj_^ + ■ — l-Vj- ^ ^ ifl ^ d such that i + j = d — 1, 
the subspace f/j = + • • • + is orthogonal to Ui. The result follows. □ 

For F-algebras A and A!, a map cr : .4, ^ .4,' is called an ¥-algebra antiisomorphism whenever 
a is an isomorphism of F-vector spaces and {abfl = b^a^ for all a,b & A. By an antiauto¬ 
morphism of A we mean an F-algebra antiisomorphism a : A -j- A. For X G End(F) there 
exists a unique element of End(F*), denoted X, such that {Xu,v) = {u,Xv) for all n G F 
and V G V*. The map X is called the adjoint of X. The adjoint map End(F) —)■ End(F*), 
X I—)■ X is an F-algebra antiisomorphism. Let {vi}f^Q denote a basis of V and let {n'}(ho 
denote the dual basis of V*. Then for X G End(F) the following matrices are transpose: 

(i) the matrix representing X with respect to {vijf^Q, (ii) the matrix representing X with 
respect to 

Let {Vijf^Q denote a decomposition of V and let denote the dual decomposition of 

V*. Let {Ei}f^Q denote the idempotent sequence for Then {Ei}f^Q is the idempotent 

sequence for 

Lemma 5.2. Let {Vi}f^Q denote a decomposition of V and let denote the dual 

decomposition of V*. Then for A G End(F), 

(i) A lowers {Vi}f^Q if and only if A raises 

(ii) A raises only if A lowers 

Proof, (i) We invoke Lemmas 12.21 12.31 Let {Efjf^Q denote the idempotent sequence for 
{Vi}i=o- Then is the idempotent sequence for Recall that the adjoint 

map is an antiisomorphism. So for 0 < i,j < d, EiAEj = 0 if and only if EjAEi = 0. 
Consequently Lemma [2.2f iil holds for {Eijf^^ and A, if and only if Lemma [2.3f iil holds for 
^^d A. The result now follows in view of Lemmas 12.2112.31 

(ii) Similar to the proof of (i) above. □ 

Lemma 5.3. For A G End(R), A is Nil if and only if A is Nil. In this case the following 
flags are dual: 




05 




( 21 ) 
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Proof. The adjoint map is an antiisomorphism. So for 0<i<(i+l, A* = 0if and only if 
= 0. Therefore, A is Nil if and only if A is Nil. In this case, the flags fl?I|) are dual since 
for 0 < i, j < d such that iP f = d — 1, 

= {A^-^A^-%V*) = {A^+%V*) = ( 0 , 1 /*) = 0 . 


□ 


Lemma 5.4. Let A,B denote an LR pair on V. Then the following (i)-(iii) hold. 

(i) The pair A, B is an LR pair on V*. 

(ii) The [A., B)-decomposition of V is dual to the {B, A)-decomposition ofV*. 

(iii) The {B, A)-decomposition of V is dual to the {A, B)-decomposition ofV*. 

Proof. Let denote the (A, i?)-decomposition of V. Let denote the dual 

decomposition of V*. By construction {Vi}f^Q is lowered by A and raised by B. By Lemma 
15.21 is raised by A and lowered by B. Therefore, the decomposition is 

lowered by A and raised by B. The results follow. □ 

Lemma 5.5. Let A,B denote an LR pair on V, with idempotent sequence {Ei}f^Q. Then 
the LR pair A, B has idempotent sequence 

Proof. By the assertion above Lemma [5.21 along with Lemma [5.4f nil. □ 

Lemma 5.6. Let A, B denote an LR pair on V, with parameter sequence Then the 

LR pair A, B has parameter sequence {(pd-j+i}f=i- 

Proof. An element in End(I/) has the same trace as its adjoint. Let denote the 

parameter sequence for A,B. For 1 < i < d we show that (pi = (Pd-i+i- By Lemmas 13.201 
[Eland since tr(XF) = tr(FX), 

(pi = ii{BAEd-i) = ii{Ed-iAB) = ii{ABEd-i) = Pd-i+i- 

The result follows. □ 

Lemma 5.7. Let A, B denote an LR pair on V. Then the following (i)-(iv) hold. 

(i) For an {A, B)-basis ofV, its dual is an inverted {A, B)-basis ofV*. 

(ii) For an inverted {A, B)-basis ofV, its dual is a {A, B)-basis of V*. 

(iii) For a {B, A)-basis ofV, its dual is an inverted {B, A)-basis of V*. 

(iv) For an inverted {B, A)-basis ofV, its dual is a {B, A)-basis of V*. 

Proof, (i) Let {nj}f=o denote an (A, i?)-basis of V. Let {n'}f=o denote the dual basis of V*. 
With respect to {nAf=o fh® matrices representing A, i? are given in ([ 8 ]). For these matrices 
the transpose represents A, B with respect to {n'}f=o- Applying Lemma [3.261 to the LR pair 
A, B and using Lemma (El we see that {n'}f=o is an inverted (A, i?)-basis of V*. 

(ii)-(iv) Similar to the proof of (i) above. □ 












Lemma 5.8. A given LR pair A,B onV is isomorphic to the LR pair B, A on V*. 


Proof. Let {ipi}f^i denote the parameter sequence of A, B. By Lemma [3.141 the LR pair B, A 
has parameter sequence Now by Lemma [5.61 the LR pair B,A has parameter 

sequence {ipi}f^i. The LR pairs A,B and B^A have the same parameter sequence, so they 
are isomorphic by Proposition 13.361 □ 

6 The reflector f 

Throughout this section the following notation is in effect. Let V denote a vector space 
over F with dimension d + 1. Let A, B denote an LR pair on V. We discuss a certain 
antiautomorphism f of End(R) called the reflector for A, B. 

Proposition 6.1. There exists a unique antiautomorphism f o/End(R) such that = R 
and B^ = A. Moreover = X for all X G End(R). 

Proof. We first show that f exists. By Lemma 15.81 there exists an isomorphism a of LR 
pairs from A, B to B, A. Thus a : V ^ V* is an F-linear bijection such that a A = Ba 
and aB = Aa. By construction the map End(R) —?■ End(R*), X aXa~^ is an F-algebra 
isomorphism that sends A ^ B and B ^ A. Recall that the adjoint map End(R) —?• 
End(R*), X I—)■ X is an F-algebra antiisomorphism. By these comments the composition 

t . End(R) -^ End(R*) -^ End(R) 

I • adj 

is an antiautomorphism of End(R) such that Rl = R and R^ = A. We have shown that f 
exists. We now show that f is unique. Let /i denote an antiautomorphism of End(R) such 

that A^ = B and R^ = A. We show that t = The composition 

End(R) —^ End(R) -^ End(R) ^22) 

is an F-algebra isomorphism that fixes each of A, B. By this and Corollary 13.111 the map 
fl22p fixes everything in End(R) and is therefore the identity map. Consequently f = /i. We 
have shown that f is unique. To obtain the last assertion of the lemma, note that is an 
antiautomorphism of End(R) that sends A B. Therefore f = by the uniqueness of f. 
Consequently (Xl)l = X for all X G End(R). □ 

Definition 6.2. By the reflector for A,B (or the {A, B)-reflector) we mean the antiauto¬ 
morphism t from Proposition 16.11 

Lemma 6.3. Assume that A, B is trivial. Then the {A, B)-reflector fixes everything in 
End(R). 

Proof. By assumption d = 0, so the identity / is a basis for the F-vector space End(R). The 

(R, R)-reflector is F-linear and fixes I. The result follows. □ 

Lemma 6.4. Let {Ri}f=o denote the idempotent sequence for A, B. Then the {A, B)-reflector 
fixes Ei for 0 < i < d. 
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Proof. Referring to ([ 6 ]), for the equation on the left apply f to each side and evaluate the 
result using the equation on the right. □ 

Lemma 6.5. The {A, B)-reflector is the same as the {B, A)-reflector. 


Proof. By Proposition 16.11 and Definition 16.21 □ 

Lemma 6.6. Let f denote the reflector for the LR pair A,B. Then the following diagram 
commutes: 


End(R) End(R*) 

t t 

End(l/) -^ End(l/*) 

adj 

Proof. Recall from Corollary 13.111 that End(R) is generated by A, B. Chase A and B around 
the diagram, using Proposition 16.11 and Definition 16.21 The result follows. □ 


7 The inverter ^ 


Throughout this section the following notation is in effect. Let V denote a vector space over 
F with dimension d-\-l. Let A, B denote an LR pair on V, with parameter sequence 
and idempotent sequence We discuss a map T G End(R) called the inverter for 

A,B. The name is motivated by Proposition 17.191 below. 

Definition 7.1. Dehne 

E,. (23) 

^_Q ^d^d—1 ‘ * * ^d—i-\-l 

We call T the inverter for A,B or the {A, B)-inverter. 

Lemma 7.2. Assume that A, B is trivial. Then T = J. 

Proof. In Definition 17.11 set d = 0 and note that Eq = I. □ 

Lemma 7.3. The map T is invertible, and 


^-1 


E 


^d^d —1 * * * ^d—i-\-l 7-1 
ipiip2 -'ipi 


Proof. Use the fact that EiEj = 6ijEi for 0 < i, j < d and / = J2i=o^i- 


(24) 

□ 


Lemma 7.4. Referring to the sum ([23]), for 0 < i < d the coefficients of Ei and E^-i are 
the same; in other words 


T1T2 ■■■Pi _ T1T2 • • • Td-i 

^d^d —1 * * * ^d—i-\-l ^d^d —1 * * * 


(25) 
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Proof. Line fl25|l is readily checked. □ 

Lemma 7.5. For 0 < i < d, 


'^Ei = Ei'^ 


PlP2---Pi p 
^d^d—1 * * * ^d—i-\-l 


(26) 


Proof. Use Definition 17.11 


□ 


Corollary 7.6. For 0 < i < d the following hold on EiV : 

_ P 1 P 2 ' ' ' Pi J \]/~^ — ' ' ' Pd-i+l J 

^d^d—1 * * ‘ ^d—i+1 * ‘ ‘ 

Proof. Use Lemma [7.51 


(27) 

□ 


Lemma 7.7. The map Ik fixes the {A^ B)-decomposition ofV and the {B, A)-decomposition 
ofV. 

Proof. The sequence {EiV}f^Q is the (A, i?)-decomposition of V. The sequence {Ed-iV}f^Q 
is the (5, y4)-decomposition of V. By Corollary 17.61 = E^V for 0 < i < d. The result 

follows. □ 


Lemma 7.8. The map T fixes each of the following flags: 

Proof. The flag on the left (resp. right) is induced by the (A, i?)-decomposition (resp. {B, A)- 
decomposition) of V. The result follows in view of Lemma 17.71 □ 

Lemma 7.9. The map T commutes with AB and BA. 

Proof. By Lemma [3.161 Ei commutes with AB and BA for 0 < i < d. The result follows in 
view of Definition 17.11 □ 

Lemma 7.10. The map T is fixed by the {A, B)-refilector f from Proposition 1 6. 1\ and Defi¬ 
nition \6.A 

Proof. By Lemma 16.41 and Definition 17.11 □ 

Lemma 7.11. The following maps are inverse: 

(i) the inverter for the LR pair A, B; 

(ii) the inverter for the LR pair B, A. 

Proof. Use Lemmas 13.6113.141 along with Lemma [7.41 □ 

Lemma 7.12. For nonzero a,/3 m F the following maps are the same: 

(i) the inverter for the LR pair A, B; 

(ii) the inverter for the LR pair aA, (3B. 
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Proof. Use Lemmas 13.8113.391 □ 

Lemma 7.13. The following maps are inverse: 

(i) the inverter for the LR pair A, B; 

(ii) the adjoint of the inverter for the LR pair A, B. 

Proof. Use Lemmas 15. 5 [ 15.61 along with Lemmas 17.3[ 17.41 □ 

We turn our attention to the maps 4/^44'“^ and We hrst consider how these maps 

act on EiV for 0 < i < d. 

Lemma 7.14. The following (i), (ii) hold. 

(i) is zero on EqV . Moreover for 1 <i < d and on EiV, 

^ ^28) 
Ri 

(ii) is zero on E^V. Moreover for 0 < i < d — 1 and on E^V, 

(29) 

Ti+l 

Proof. The decomposition {EiVjf^Q is lowered by A and raised by B. The results follow 
from this and Corollary 17.61 □ 

Corollary 7.15. The {A, B)-decomposition ofV is lowered by and raised by 

Proof. By Lemma 17.141 and since the (A, S)-decomposition of V is equal to {EiVjf^Q. □ 

Lemma 7.16. In the table below, we give the matrices that represent 4/^44/“^ and 4/“^i?T 
with respect to various bases for V. 
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type of basis 


matrix rep. of 'I'A'I' 


-1 


matrix rep. of 


{A,B) 


( 0 (pd/m 

0 ipd-ijpi 
0 


0 \ 


Pi! Pd 


/ 0 0 \ 

Pd 0 

Pd-1 0 


inv. {A, B) 


V 0 

0 / 

V 

0 

Pi 0 

( ° 

0 \ 


f ^ Pi 

0 \ 

pi/pd 

0 


0 <P2 



P2lPd-l 0 


0 • 






• Pd 


\ 0 


Pd/Pi 0 / 


V 0 


0 




( 0 

0 \ 


/ 0 pi/pd 

0 \ 



Pi 0 



0 P2/Pd-1 


{B,A) 


P2 0 



0 

• Pd/Pi 



V 0 

Pd 0 / 


V 0 

0 / 



^ 0 tpd 

0 ^ 


f 0 

0 \ 



0 Pd-1 



Pd/pi 0 


inv. [B, A) 


0 

• Pi 


(Pd-l/p2 0 




^ 0 

0 y 


V 0 

Pi/Pd 0 / 


Proof. Use Lemmas 13.23113.26113.29113.321 along with Lemma 17.141 □ 

Recall the reflector antiautomorphism f from Proposition 16.11 and Definition 16.21 
Lemma 7.17. The following (i)-(vii) hold: 

(i) the ordered pair A, is an LR pair on V; 

(ii) the {A,-decomposition ofV is equal to the {A, B)-decomposition ofV; 

(hi) the idempotent sequence of A,^~^B'^ is equal to the idempotent sequence of A,B; 

(iv) an {A,'^~^B'^)-basis ofV is the same thing as an {A, B)-basis ofV; 

(v) the LR pair A, has parameter sequence {pd-i+i}i=i; 

(vi) for the LR pair A, the reflector is the composition 

End(U) -^ End(U) -^ End(U); 
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(vii) for the LR pair A, the inverter zs ^. 

Proof, (i), (ii) The (A, i?)-decomposition of V is lowered by A and raised by 

(iii) By (ii) above and Definition 13.51 

(iv) By (ii) above and Definition 13.211 

(v) Consider the matrices that represent A and with respect to an (A, i?)-basis of 

V. For A this matrix is given in Lemma 13.231 For this matrix is given in Lemma 

mm 

(vi) Use Lemma [7.101 

(vii) By (iii), (v) above and line (12T)) . □ 

Lemma 7.18. The following (i)-(vii) hold: 

(i) the ordered pair B is an LR pair on V; 

(ii) the A^~^B)-decomposition ofV is equal to the {A, B)-decomposition ofV; 

(iii) the idempotent sequence o/5 is equal to the idempotent sequence of A,B; 

(iv) a -basis of V is the same thing as a {B, A)-basis ofV; 

(v) the LR pair B has parameter sequence {(pd-i+i}f=i; 

(vi) for the LR pair '^A^~^,B the reflector is the composition 

End(U) -^ End(U) -^ End(U); 

t 

(vii) for the LR pair B the inverter is 

Proof. Similar to the proof of Lemma 17.171 □ 

Proposition 7.19. The following three LR pairs are mutually isomorphic: 

B,A (30) 

Proof. The LR pairs fl30|) have the same parameter seqnence by Lemmas 13.141 l7.17l vL 
l7.18l vL The resnlt follows in view of Proposition 13.361 □ 

Lemma 7.20. For a G End(U) the following are equivalent: 

(i) a is an isomorphism of LR pairs from A, to B, A; 

(ii) a is an isomorphism of LR pairs from R, A to B; 

(iii) a sends each {A, B)-basis ofV to a {B, A)-basis ofV. 
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Proof, (i) (iii) The map a sends each [A, T“^i?T)-basis of ^ to a {B, 74 )-basis of V. Also 
by Lemma [T.lTl ivh an [A, T~^i?\I/)-basis of V is the same thing as an [A, i?)-basis of V. 
(iii) ^ (i) The matrix that represents A (resp. with respect to an [A, B)-hasis of 

V is eqnal to the matrix that represents B (resp. A) with respect to a {B, A)-basis of V. 

(ii) ^ (iii) The map a is an isomorphism of LR pairs from A, B to B, So a sends 

each (A, i?)-basis of R to a (R, TAT“^)-basis of V. Also by Lemma lT.lSl iv). a (R, TAT”^)- 
basis of V is the same thing as a {B, A)-basis of V. 

(iii) ^ (ii) The matrix that represents B (resp. A) with respect to an (A, R)-basis of V 

is eqnal to the matrix that represents TA\h“^ (resp. B) with respect to a (R, A)-basis of 
V. □ 

Lemma 7.21. For a G End(R) the following are equivalent: 

(i) a is an isomorphism of LR pairs from A, T^^RT to TAT”^, R; 

(ii) there exists 0 7 ^ C G F such that a = . 

Proof, (i) ^ (ii) Using Definition 13.351 we find that \h“^cT commntes with each of A, T^^RT. 
Now by Lemma 13.381 (applied to the LR pair A,T“^R\[') there exists 0 7 ^ C ^ IF snch that 
= (I. Therefore a = Cd'- 

(ii) (i) It snffices to show that T is an isomorphism of LR pairs from A, T“^R\h to 
TAT“^,R. Since T is invertible the map T : U —)■ U is an F-linear bijection. Observe that 
TA = (TAT“^)T and T(\h“^RT) = RT. Now by Definition 13.351 T is an isomorphism of 
LR pairs from A, T'^RT to TAT”^, R. □ 

Lemma 7.22. The LR pairs fl30|) all have the same inverter. 

Proof. By Lemmas 17.111 17.17l viii. I7.18f vii). □ 


8 The outer and inner part 


Thronghont this section the following assnmptions are in effect. We assnme that d = 2m is 
even. Let V denote a vector space over F with dimension d + 1. Let A, R denote an LR pair 
on V, with parameter seqnence idempotent seqnence and inverter T. Note 

that {RiU}f=o is the (A, R)-decomposition of V, which is lowered by A and raised by R. 

Definition 8.1. Define 

m m—1 

Kut = E^jV, = E 2 J+ 1 V. 

j =0 j =0 

Lemma 8.2. ITe have 

V = Rout + Rn (direct snm). (31) 

Moreover 


dim(Rout) = m + 1, 


dim(Rn) = m. 
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Proof. Since {EiV}f^Q is a decomposition of V. □ 

Lemma 8.3. We have Kut 7 ^ 0 and idn 7 ^ V. Moreover the following are equivalent: (i) 
A,B is trivial; (ii) Kut = V; (iii) idn = 0. 

Proof. Use Example 13^ and Lemma 18.21 □ 

Lemma 8.4. The following (i)-(iii) hold: 

(i) for even i {0 <i < d), the map Ei leaves Ujut invariant, and is zero on Un/ 

(ii) for odd i {0 < i < d), the map Ei leaves Un invariant, and is zero on Kut/ 

(iii) each of Vont, Un is invariant under 4'. 

Proof, (i), (ii) Use Definition 18.11 

(iii) By (i), (ii) above and Definition 17.11 □ 

Lemma 8.5. Referring to Definition \8.1[ 

^Uout = Vin, AVin c Uout, BVout = Un, -BUn ^ Uout- 

Moreover 

A'^Vout ^ bout, A'^Vin C Un, -B^fbut ^ fbut, -B^Un ^ Un- 

Proof. By Definition 18.11 and the construction. □ 

Definition 8.6. Referring to Definition 18.11 the subspace Ibut (resp. Un) will be called the 
outer part (resp. inner part) of V with respect to A, B. 

Lemma 8.7. The outer part of V with respect to A, B coincides with the outer part of V 
with respect to B, A. Moreover, the inner part of V with respect to A, B coincides with the 
inner part of V with respect to B, A. 

Proof. By Lemma 13.61 and Definition 18.11 along with the assumption that d is even. □ 

Lemma 8.8. Assume that A, B is nontrivial. Then A and B are nonzero on both Ibut o,nd 
Uin. 

Proof. By Definition 18.11 and the construction. □ 

Definition 8.9. Using the LR pair A, B we define 

^out, An, -Bout, -Bin (32) 

in End(U) as follows. The map Aout (resp. -Bout) acts on Ibut as A (resp. B), and on Un 
as zero. The map Ain (resp. R^) acts on Un as A (resp. B), and on Ibut as zero. By 
construction 

A = Aout + Ain, -B = -Bout + -Bin- 

Lemma 8.10. Assume that A, B is nontrivial. Then 


36 




















(i) the maps Aout, An are linearly independent over¥; 

(ii) the maps -Bout, -Bin are linearly independent over F. 

Proof, (i) Suppose we are given r, s G F such that rA^^t + sAjn = 0. In this equation apply 
each side to I4ut, to find rA = 0 on I4ut- By Lemma 18^ A 7 ^ 0 on Id,uf Therefore r = 0. 
One similarly shows that s = 0. 

(ii) Similar to the proof of (i) above. □ 

Definition 8.11. Define 


m—1 


m 




Lemma 8.12. The following (i)-(iv) hold: 

(i) the subspace Kut is invariant under Tout/ 

(ii) Tout is zero on Idn; 

(iii) the subspace Idn is invariant under Tin/ 

(iv) Tin is zero on I/out- 


Proof. By Lemma [8.4f i).(ii) and Definition 18.111 


□ 


The following two propositions are obtained by routine computation. 

Proposition 8.13. The elements A‘^,B‘^ act on I4ut as an LR pair. For this LR pair, 

(i) the diameter is m; 

(ii) the parameter sequence is {g^ 2 j-iT 2 j}fLii 

(iii) the idempotent sequence is given by the actions of {E 2 j}fhQ on I 4 ut; 

(iv) the inverter is equal to the action of Tout on V))ut ■ 

Proposition 8.14. Assume that A, B is nontrivial. Then A‘^,B‘^ act on I^n as an LR pair. 
For this LR pair, 

(i) the diameter is m — 1; 

(ii) the parameter sequence is {ip 2 jT 2 j+i}]lAi ; 

(iii) the idempotent sequence is given by the actions of {E 2 j+i}^SQ on Idn/ 

(iv) the inverter is equal to the action o/Tjn on 

Lemma 8.15. The maps Tout, 'hin are fixed by the {A, B)-reflector f from Proposition \6.1\ 
and Definition \6.A 
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Proof. By Lemma 16.41 and Definition 18.111 
Lemma 8.16. Assume that A, B is nontrivial. Then 


□ 


= ^out + —^in. 

Td 

Proof. Compare Definitions 17.1118.111 □ 

Definition 8.17. We call d'out (resp. 4/in) the outer inverter (resp. inner inverter) for the 
LR pair R, B. 

9 The projector J 

Thronghont this section the following assnmptions are in effect. We assume that d = 2m 
is even. Let V denote a vector space over F with dimension d + 1. Let A, B denote an LR 
pair on V, with parameter sequence idempotent sequence and inverter 'L. 

Recall the subspaces Wut and Idn from Dehnition 18.11 

Definition 9.1. Dehne J G End(R) such that (J — /)Kut = 0 and Jldn = 0. Referring to 
m, the map J (resp. I — J) acts as the projection from V onto Wut (resp. Idn)- We call 
J (resp. I — J) the outer projector (resp. inner projector) for the LR pair A, B. By the 
projector for A, B we mean the outer projector. 

Lemma 9.2. The map J 7 ^ 0. If A,B is trivial then J = I. If A,B is nontrivial then J,I 
are linearly independent over F. 

Proof. Use and Lemma 18.31 □ 


Lemma 9.3. The following (i)-(v) hold: 


(i) 

J = 

\^d/2 pi _ 

2^j=o ^2j, 



(ii) 


= J; 




hi) 

for 

even 

i (0 < 

i < d) 

, EiJ — JEi — Ei'j 

iv) 

for 

odd i 

(0 < i 

<d), 

o' 

(v) 

Wut 

= JV and 

Un = 

(I - J)V. 


Proof, (i) For the given equation the two sides agree on EiV for 0 < i < d. 

(ii)-(iv) Use (i) above and ErEg = Sr,sEr for 0 < r, s < d. 

(v) By Dehnition O ’ □ 

Lemma 9.4. For the map J (resp. I — J) the rank and trace are equal to m + 1 (resp. m). 
Proof. By Lemma [8.21 Dehnition 19.11 and linear algebra. □ 

Lemma 9.5. The map J is fixed by the {A, B)-reflector f from Proposition \6.1\ and Definition 

El 
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Proof. By Lemmas 16.41 [9T3lf i). □ 

Lemma 9.6. The following maps are the same: 

(i) the projector for the LR pair A, B; 

(ii) the projector for the LR pair B, A. 

Proof. By Lemma 18.71 and Definition 19.11 □ 

Lemma 9.7. For nonzero a,/? G F the following maps are the same: 

(i) the projector for the LR pair A, B; 

(ii) the projector for the LR pair a A, (3B. 

Proof. By Lemma 13.81 and Lemma 19.Sl ii. □ 

Lemma 9.8. The following maps are the same: 

(i) the projector for the LR pair A, B; 

(ii) the adjoint of the projector for A, B. 

Proof. By Lemma 15.51 and Lemma 19. 3l( i). □ 

Lemma 9.9. Referring to Definition \8.f^ the following (i)-(iii) hold: 

(i) y4out = AJ = {I - J)A and i?out = BJ = {I - J)B; 

(ii) Ain = JA = A{I - J) and An = JB = B{I - J); 

(iii) A = AJ + JA and B = BJ + JB. 

Proof, (i), (ii) For each giyen eqnation the two sides agree on and Vin. 

(iii) By (i) aboye. □ 

Lemma 9.10. J commutes with each of A‘^,B^,AB,BA. 

Proof. Use Lemma [9A](iii). □ 

Lemma 9.11. Referring to Definition \8.11\ the following (i), (ii) hold. 

(i) ^ont = = ^J. 

(ii) For A, B nontrivial, 

Proof Use Dehnitions 17.1118.11119.11 □ 

Lemma 9.12. Let V' denote a vector space overW with dimension d+1, and let A', B' denote 
an LR pair on V. Let J' denote the projector for A',B'. Let a denote an isomorphism of 
LR pairs from A, B to A', B'. Then aJ = J'a. 

Proof. By Lemma 13.371 and Lemma 19.dl i). □ 
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10 Similarity and bisimilarity 

In this section we describe two equivalence relations for LR pairs, called similarity and 
bisimilarity. Let V denote a vector space over F with dimension d + 1. 

Definition 10.1. Let A, B and A',B' denote LR pairs on V. These LR pairs will be 
called associates whenever there exist nonzero a, /3 in F such that A' = aA and B' = jSB. 
Associativity is an equivalence relation. 

Lemma 10.2. Let A, B denote an LR pair on V. Let V denote a vector space over F with 
dimension d+1, and let A', B' denote an LR pair on V. Let a : V ^ V' denote an ¥-linear 
bijection. Then for nonzero a,fd in¥ the following (i)-(iii) are equivalent: 

(i) a is an isomorphism of LR pairs from aA, ftB to A', B'; 

(ii) a is an isomorphism of LR pairs from A, B to A'/a, B'/(3; 

(hi) aaA = A'a and (3aB = B'a. 

Proof. By Dehnition 13.351 assertions (i), (iii) are equivalent and assertions (ii), (iii) are 
equivalent. □ 

Lemma 10.3. Let A, B and A', B' denote LR pairs over F. Then the following are equiva¬ 
lent: 


(i) there exists an LR pair over F that is associate to A, B and isomorphic to A', B'; 

(ii) there exists an LR pair over F that is isomorphic to A, B and associate to A', B'. 

Proof. Pick nonzero a, jd in F. By Lemma rin.2f i).(ii) the LR pair a A, f3B satisfies condition 

(i) in the present lemma if and only if the LR pair A'/a, B'/[3 satisfies condition (ii) in the 

present lemma. The result follows. □ 

Definition 10.4. Let A, B and A', B' denote LR pairs over F. These LR pairs will be called 
szmz/ar whenever they satisfy the equivalent conditions (i), (ii) in Lemma [10.31 Similarity is 
an equivalence relation. 

Lemma 10.5. Let A,B (resp. A',B') denote an LR pair over¥, with parameter sequence 
(resp. {T'i}i=i)- Then the following are equivalent: 

(i) the LR pairs A, B and A', B' are similar; 

(ii) the ratio is independent of i for 1 < i < d. 

Proof, (i) ^ (ii) By Lemma 110.31 and Definition 110.41 there exist nonzero a, (3 in F such 
that aA, (3B is isomorphic to A', B'. Recall from Lemma 13.391 that aA, f3B has parameter 
sequence Now by Proposition 13.361 (p' = afdtfi for 1 < i < d. Therefore is 

independent of i for 1 < i < d. 

(ii) (i) Let a denote the common value of for 1 < i < d. By Lemma [3.391 and 

the construction, the LR pairs aA, B and A', B' have the same parameter sequence 
Therefore they are isomorphic by Proposition 13.361 Now the LR pairs A, B and A', B' are 
similar by Lemma 110.31 and Dehnition 110.41 □ 
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We now describe the bisimilarity relation. For the rest of this section, assume that d = 2m is 
even. Until further notice let A, B denote an LR pair on V, with parameter sequence 
and idempotent sequence Recall that {EiV}f^Q is the (R, i?)-decomposition of V, 

which is lowered by A and raised by B. 

Lemma 10.6. Let V denote a vector space over F with dimension d + 1, and let A', B' 
denote an LR pair on V. Let a \ V ^ V denote an ¥-linear bijection. Then the following 
are equivalent: 

(i) a is an isomorphism of LR pairs from A, B to A', B'; 

(ii) all of 


CrRout = cr^in = (33) 

crRout = crRin = B[^a. (34) 


Proof, (i) ^ (ii) Use Lemma [9.9f ihfiii and Lemma [9. 121 

(ii) ^ (i) Add the two equations in fl33|) and use A = Aout + Ain, A' = A^^^ + A(^ to 
obtain crA = AV. Similarly we obtain aB = B'a. Now by Dehnition 13.351 the map a is an 
isomorphism of LR pairs from A, B to A', B'. □ 

Lemma 10.7. Let Oout, ctin,/dout, An denote nonzero scalars in F. Then the ordered pair 

O^outAout A C^inAjn, /^out^Sout A An^^in (35) 

is an LR pair on V, with idempotent sequence outer part of V with respect to 

fl35l) coincides with the outer part ofV with respect to A,B. The inner part ofV with respect 
to fl3^ coincides with the inner part of V with respect to A,B. The projector for the LR 
pair fl35l) coincides with the projector for A,B. The LR pair fl35l) has parameter sequence 
{fi^i}f=i, where 


f^ 


«outAn if i is even; 
«in/dout if i is odd 


(1 < i < d). 


Proof. By construction. □ 

Lemma 10.8. Let A',B' denote an LR pair on V. Let Oout, «in,/dout, An denote nonzero 
scalars in F. Then the following are equivalent: 


(i) both 


A O^outAout A CTinAin, 


out A AnAnJ 


(ii) all of 


A' 

^out 


*^out-^out: 

/3out -Sout 5 


A' 

bL 


C^in-^iii; 

AnAn. 
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Proof, (i) ^ (ii) Use Definition 18.91 and Lemma [10.71 

(ii) (i) By Definition 18.91 we have A' = and B' = + B[^. □ 

Referring to Lemmas 110.71110.81 we now consider the case in which a\n = 1 and /3in = 1. 

Definition 10.9. Let A', B' denote an LR pair on V. The LR pairs A, B and A', B' will be 
called biassociates whenever there exist nonzero a,/3 in F such that 

Af = oAout + ^in, = /5-Bout + -Bin- 

Biassociativity is an equivalence relation. 

Lemma 10.10. Let V denote a vector space over F with dimension d+1, and let A',B' 
denote an LR pair on V. Let a : U —)■ U' denote an ¥-linear bijection. Then for nonzero 
a, fd in¥ the following (i)-(iii) are equivalent: 

(i) cr is an isomorphism of LR pairs from aAout + ^in, /5-Bout + -Bin to A', B'; 

(ii) cr is an isomorphism of LR pairs from A, B to + A[.^, + B[.^; 

(hi) all of 

aaAont = ^outC^) cr^in = ^(n^> 

/5crRout -Bout*^) <^-Bin -Bin*^- 

Proof. By Lemmas 110.61 fTITBI the assertions (i), (hi) are equivalent, and the assertions (ii), 

(iii) are equivalent. □ 

Lemma 10.11. Let A, B and A', B' denote LR pairs over F that have diameter d. Then the 
following are equivalent: 

(i) there exists an LR pair over F that is biassociate to A, B and isomorphic to A'^ B'; 

(ii) there exists an LR pair over¥ that is isomorphic to A,B and biassociate to A',B'. 

Proof. Pick nonzero ct, /5 in F. By Lemma riO.lOf ii.fiii the LR pair ctAout + An, /5-Bout + -Bin 
satisfies condition (i) in the present lemma if and only if the LR pair a~^A[^, (3~^B'^^^ + 
B[^ satisfies condition (ii) in the present lemma. The result follows. □ 

Definition 10.12. Let A.,B and A', B' denote LR pairs over F that have diameter d. Then 
A, B and A',B' will be called bisimilar whenever the equivalent conditions (i), (ii) hold in 
Lemma 110.111 

Lemma 10.13. Let A,B (resp. A',B') denote an LR pair over¥, with parameter sequence 
(resp. {p'i}’i=i). Then the following are equivalent: 

(i) the LR pairs A, B and A', B' are bisimilar; 

(ii) the ratio p'i/pi is independent of i for i even (1 < / < d), and independent of i for i 
odd {1 <i < d). 
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Proof, (i) ^ (ii) By Lemma 110.111 and Definition 110.121 there exist nonzero a, /9 in F snch 
that a^out + v4in, (3Bont + -Bin is isomorphic to A', B'. By Lemma [10.71 the LR pair aA^nt + 
Rin,/9-Bout + -Bin has parameter seqnence {fi(pi}f=i, where 




a if i is even; 
(3 if f is odd 


(1 < f < d). 


By Proposition 13.361 lo[ = fiipi for 1 < i < d. By these comments (Pi/(pi is independent of i 
for i even (1 < f < d), and independent of i for i odd {I < i < d). 

(ii) ^ (i) By assnmption there exist nonzero a,/3 inW snch that 


P'i/Pi 


a if i is even; 
(3 if i is odd 


(1 < i < d). 


By Lemma [10.71 and the constrnction, the LR pairs aRout + ^in, /9-Bout + -Bin and A', B' have 
the same parameter seqnence Therefore they are isomorphic by Proposition 13.361 

Now A, B and A', B' are bisimilar in view of Lemma 110.111 and Dehnition 110.121 □ 


11 Constrained sequences 

In this section we consider a type of hnite seqnence, said to be constrained. We classify the 
constrained seqnences. This classihcation will be nsed later in the paper. 

Thronghont this section, n denotes a nonnegative integer and {pi}7=o denotes a seqnence of 
scalars taken from F. 

Definition 11.1. The seqnence {pi}f^Q is said to be constramed whenever 

(i) piPn-i = 1 for 0 < i < n; 

(ii) there exist a, 6, c G F that are not all zero and api-i + bpi + cp^+i = 0 forl<i<? 7 , — 1. 

Shortly we will classify the constrained seqnences. We will nse an indnctive argnment based 
on the following observation. 

Lemma 11.2. Assume thatn > 2 and the sequence {pi}”=o constrained. Then the sequence 
pi, p 2 ,..., Pn-i is constrained. 

The seqnence {pi]f^Q is called geometric whenever 7 ^ 0 for 0 < i < n and pi/pi_\ is 
independent of i for 1 < z < n. The following are eqnivalent: (i) {pj}(Lo is geometric; (ii) 
there exist nonzero r, G F snch that pi = for 0 < z < n. In this case ^ = po and 
r = pi/pi_i for 1 < z < zz. 

We now classify the constrained seqnences. The case of n even and n odd will be treated 
separately. 

Proposition 11.3. Assume that n is even. Then for the sequence {pi}'f^Q the following 
(i)-(iii) are equivalent: 
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(i) {pi}^=o *'5 constrained; 

(ii) {pi}”=o geometric and p „/2 G { 1 , — 1 }; 

(iii) t/iere exist 0 7 ^ r G F and £ G {1, — 1} such that pi = for t) <i <n. 

Assume that (i)-(iii) hold. Then r = pi/pi_i for I < i < n, and e = pnj^- 

Proof, (i) ^ (iii) Our proof is by induction on n. First assume that n = 0. Then p^ = 1. 
Condition (iii) holds with e = Pq and arbitrary 0 7 ^ r G F. Next assume that n = 2. 
Then poP 2 = 1 and p\ = 1. Condition (iii) holds with e = pi and r = pi/po- Next 
assume that n > 4. By Dehnition lll.llf ii). there exist a, 6 , c G F that are not all zero and 
api-i + bpi + cpi+i = 0 for 1 < z < n — 1. Dehne m = n — 2 and p' = pi+i for 0 < z < m. By 
construction PiP'^-i = 1 for 0 < z < m. Moreover ap[_i + 6 p' + cp[j^i = 0 for 1 < z < m — 1. 
By induction there exist 0 7 ^ r G F and e G {1,-1} such that p[ = for 0 < z < m. 

Now 

pi = (1 <*<■»- — !)• (36) 

We show that po = er~'^/‘^ and p„ = Since pop„ = 1, it suffices to show that po = 

er~nP. We claim that 


! Po Pi Pn-2 \ 

det Pi P 2 Pn-l = - 

\ P2 P3 Pn / 


(37) 


To verify flTT)) . evaluate the determinant using fl36|) and poPn = 1, and simplify the result. 
The claim is proven. For the matrix in (l37ll . a(top row) + 6 (middle row) +c(bottom row) = 0. 
The matrix is singular, so its determinant is zero. Therefore po = er~'^l‘^ as desired. 

(iii) ^ (i) By construction piPn-i = 1 for 0 < z < zz. Dehne a = r, b = —1, c = 0. Then 
apj_i + bpi + cpi+i = 0 for 1 < z < n — 1. 

(ii) (iii) Routine. □ 

Proposition 11.4. Assume that n is odd. Then for the sequence {pi})Lo following 
(i)-(iii) are equivalent: 

(i) {pj}(hQ is constrained; 

(ii) the sequences po, p 2 ,..., Pn-i and p“^, pn\^ ■ ■ ■, pf^ are equal and geometric; 

(iii) there exist nonzero s, G F such that 


if z is even; 

^-lg(i-n)/2 ■ jg 


(0 < z < zz). 


(38) 


Assume that (i)-(iii) hold. Then s = pi/pi -2 for 2 <i <n and f = po. 
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Proof, (i) ^ (iii) Our proof is by induction on n. First assume that n = 1. Then (iii) holds 
with ^ = po and arbitrary 0 7 ^ s G F. Next assume that n = 3. Then (iii) holds with ^ = po 
and s = P 2 /Po- Next assume that n > 5. By Definition lll.ll iih there exist a, 6, c G F that 
are not all zero and api_i + bpi + = 0 for 1 < i < n — 1. Define m = n — 2 and p' = pj+i 

for 0 < i < m. By construction = 1 for 0 < z < m. Moreover ap'_^ + hp[ + cp[j^^ = 0 

for 1 < z < m — 1. By induction there exist nonzero s, x G F such that 


if z is even; 


Define ^ = x Then 


Pi 


if z is even; 

^-lg(i-n)/2 ^ jg 


(0 < z < m). 


{l<i <n-l). 


(39) 


We show that Po = ^ and Pn = ^ Since poPn = 1, h suffices to show that po = We 
claim that 


/ Po Pi P2 \ ( Po Pi Pn-2 \ _/ _ f\2 

det Pi p 2 P 3 T^Vdet pi pa Pn_i = ^n-zc 2 • (^0) 

\ P2 Po pA ) \ p2 po pn ) ^ ^ 

To verify (HOI) , evaluate the two determinants using fl3^ and poPn = 1, and simplify the result. 

The claim is proven. For each matrix in (HOI) . a(top row)+ 6 (middle row)+c(bottom row) = 0. 
Each matrix is singular, so its determinant is zero. Therefore po = 

(iii) ^ (i) By construction piPn-i = 1 for 0 < z < rz. Define a = s, 6 = 0, c = —1. Then 
api-i + hpi + cpi+i = 0 for 1 < z < zz — 1 . 

(ii) -v^ (iii) Routine. □ 

Assume for the moment that n is odd, and refer to Proposition 111.41 It could happen that 
{Pi}r=o is geometric, and the equivalent conditions (i)-(iii) hold. We now investigate this 
case. 


Lemma 11.5. Assume that n is odd. Then for the sequence {pi}f^Q the following (i)-(iv) 
are equivalent: 

(i) {pi}(Lo *-5 geometric and constrained; 

(ii) {pj}(Lo geometric and p;n-i)/2, P(n+i )/2 are inverses; 

(iii) there exists 0 7 ^ t G F such that pi = for 0 < z < rz; 

(iv) there exist s,^ G F that satisfy = 1 and Proposition \l 1 .fj iii) . 

Assume that (i)-(iv) hold. Then ^ = Po = t~'^ and 


^ t ^ P{n—l)/2 t , P(n+l)/2 t-i t Pi/Pi—1 (1 ^ ^ ^ '^)- 


(41) 
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Proof, (i) (ii) By Definition Ill-lB B 

(ii) ^ (iii) By assumption there exists 0 7 ^ t G F such that P(n-i)/2 = and p(^n+i)/2 = t. 

Since is geometric, the ratio pi/pi^i is independent of i for 1 < z < n. Taking 

z = (n + l)/2 we find that this ratio is By these comments pi = for 0 < z < rz. 

(iii) (iv) The values s = ^ meet the requirement. 

(iv) ^ (i) Evaluating (l38|) using = 1 we find that {pi}f^Q is geometric. The sequence 
{pi}f^Q is constrained by Proposition lll.df ii.fiiii. 

Assume that (i)-(iv) hold. Then the equations ^ = po = t”"" and flTTl) are readily checked. □ 

Lemma 11.6. Assume that is constrained but not geometric. Then n is odd and at 

least 3. 

Proof. The integer n is odd by Proposition lll.sn i.liii. If n = 1 then poPi = 1) and the 
sequence po^Pi is geometric, for a contradiction. Therefore n>3. □ 

We have some comments about the scalars a, b, c from Definition lll.lf ii). 

Definition 11.7. Assume that the sequence {pi}”=o is constrained. By a linear constraint 
for this sequence we mean a vector (a, b, c) E such that api-i + bpi + cpi+i = 0 for 
1 < z < n — 1 . 

Let A denote an indeterminate, and let F[A] denote the F-algebra consisting of the polynomi¬ 
als in A that have all coefficients in F. Let (a, b, c) denote a vector in F^. Define a polynomial 
E F[A] by 


fj — a b\ cA . 


Proposition 11.8. Assume thatn > 2 and {pi})Lo *■3 constrained. Then for the above vector 
(a, b, c) the following (i)-(iii) hold. 


(i) Assume that n is even. Then (a, 6 , c) is a linear constraint for */ */ 

■^(r) = 0, where r is from Proposition \11.3i 

(ii) Assume that n is odd and geometric. Then (a, b, c) is a linear constraint 

for {pi}(Lo */ = c(A^ — s), where s is from Proposition 

(iii) Assume that n is odd and {pj}(LQ is geometric. Then {a,b,c) is a linear constraint for 

{Pi}r=o */ = O 7 where t is from Lemma Q i. 51 




Proof, (i) By Proposition 111.31 we have pi = for 0 < z < rz, where r = pi/pi_i 

for 1 < z < rz and e = Pn/ 2 - For 1 < z < rz — 1 , apj_i -|- bpi -|- cpj+i = 0 if and only if 
a -|- 6r -|- cr^ = 0 if and only if '0(r) = 0. So (a, b, c) is a linear constraint for {pi}(Lo 
only if api-i + bpi + cpi+i = 0 for 1 < z < rz — 1 if and only if ■^(r) = 0 . 

(ii) The sequence is constrained, so by Proposition 111.41 it has the form fl38|) . where 

s = Pi/Pi -2 for 2 < z < rz and ^ = po- By assumption {pf/f^Q is not geometric, so 7 ^ 1 
in view of Lemma [ll.5f ii.fiv). Define k = ^2_gD+i)/2 note that Therefore 

7 ^ s so fc 7 ^ k~^s. Pick an integer z (1 < z < rz — 1). First assume that z is even. By fl38p . 
api-i + bpi + cpi+i = 0 if and only if a -|- -f cs = 0. Next assume that z is odd. By fl38|l . 
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api-i + bpi + cpi+i = 0 if and only if a + bk~^s + cs = 0. We now argue that (a, b, c) is a 
linear constraint for + bpi + cpj+i = 0 for 1 < i < n — 1 if and 

only if both a + + cs = 0, a + bk~^s + cs = 0 if and only if 6 = 0 = a + cs if and only if 

-0 = c(A^ — s). 

(iii) Similar to the proof of (i) above. □ 

Definition 11.9. Assume that the sequence {pi}f=o constrained. Let LC denote the set 
of linear constraints for {pi}”=o- ^y Definition 111.71 LC is a subspace of the F-vector space 
F^. By Definition 111.If ii). LC is nonzero. We call LC the linear constraint space for 

Proposition 11.10. Assume that n > 2 and {pi}”=o constrained. Let LC denote the 
corresponding linear constraint space. 

(i) Assume that n is even. Then LC has dimension 2. The vectors (r, —1, 0) and (r^, 0, —1) 
form a basis of LC, where r is from Proposition \11.3[ 

(ii) Assume that n is odd and is not geometric. Then LC has dimension 1. The 


vector (s, 0, —1) forms a basis of LC, where s is from Proposition\l 1 .4 


(iii) Assume that n is odd and {pi}”=o geometric. Then LC has dimension 2. The vectors 
{C, —1, 0) and {C, 0, —1) form a basis of LC, where t is from Lemma Xll.A 


Proof. This is a reformulation of Proposition 111.81 


□ 


12 Toeplitz matrices and nilpotent linear transforma¬ 
tions 

We will be discussing an upper triangular matrix of a certain type, said to be Toeplitz. 

Definition 12.1. (See [71 Section 8.12].) Let denote scalars in F. Let T denote an 

upper triangular matrix in Matrf+i(F). Then T is said to Toeplitz, with parameters 


entry for 0 

< i < 

3 < d. 

In this 



Oq 

(y.\ 


• ^ 




Oq 

(y.\ 


T = 




Oq ■ 







(y.\ 


\ 

0 



Oo / 


We have some comments. 

Note 12.2. The matrix r from Definition 13.491 is Toeplitz, with parameters 


Oi = 



(0 < f < d). 
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Lemma 12.3. Let T denote an upper triangular matrix in Matd+i(F). Then T is Toeplitz if 
and only ifT commutes with r. In this case T = where {ai}f^Q are the parameters 

forT. 


Proof. Use Lemma [3.51[ 


□ 


Lemma 12.4. Let T denote an upper triangular Toeplitz matrix in Mat(i+i(F). Then T* = 


ZTZ. 


Proof. Expand ZTZ by matrix multiplication. 


□ 


Referring to Definition 112.11 assume that T is Toeplitz with parameters Note that 

T is invertible if and only if ao 7^ 0. Assume this is the case. Then T~^ is upper triangular 
and Toeplitz: 


T-i ^ 


/ /^o /^i 

Po 


V 0 


f3d \ 


/Si 

Po J 


with parameters that are obtained from by recursively solving cio/So = 1 and 


o^o/3j + 0(il3j—i + • • • + otjldf) — 0 


{l<J<d). 


(42) 


We have 


l3o 

Pi 

P 2 

Ps 

Pa 


= a. 


-2 

-diCiQ 


— 0 !Q0i2 


(X, 


0 


2cioCllCl2 — — Q;gCl3 


ttn 


(if d > 1), 
(if d> 2), 

(if d > 3), 


af + 2aQaia3 + — 3 Q;o<aitt 2 — 0/90:4 


an 


(if d > 4). 


For 0/0 = 1 this becomes 


Po 

Pi 

P2 

Ps 

Pa 


= 1, 

= —0/1, 


(if d > 1), 

al — 0/2 (if d > 2), 

20/10/2 — o/f — 0/3 (if d > 3), 

o/^ + 20/10/3 + 0/2 — 3 o/^o /2 — 0/4 (if d > 4). 


Recall our vector space V over F with dimension d + 1. Recall the Nil elements in End(U) 
from Dehnition 12.41 We now give a variation on Lemma [23](i),(ii) in terms of vectors. 
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Lemma 12.5. For A G End(V^) the following are equivalent: 
(i) A is Nil; 


(ii) there exists a basis = 0 and Avt = Vi_i for 1 < i < d. 

Proof. By Lemma [2.5r i).fiB. □ 

Lemma 12.6. Assume A G End(E) is Nil. For subspaces {Vi}f^Q of V the following are 
equivalent: 

(i) {Vi}f=o ® decomposition of V that is lowered by A; 


(ii) the sum V = AV + Vd is direct, and V) = A'^ for t) <i <d. 

Proof, (i) =» (ii) The sum V = AV + is direct since AV = Vq H— • + Vd-i- The remaining 
assertion is clear. 

(ii) ^ (i) Dehne f/* = A'^~'^V for 0 < i < d. The sequence is a flag on V. By 

construction, the sum f/j = Ui-i + 1^ is direct for 1 < i < d. Therefore {14}f=o is a 
decomposition of V. By construction AV = V-i for 1 < i < d. Also AVq = 0 since A is Nil. 
By these comments i® lowered by A. □ 

Lemma 12.7. Assume A G End(E) is Nil. For vectors in V the following are 

equivalent: 

(i) {vi}f^Q is a basis of V such that Avq = 0 and Avi = for 1 <i < d; 

(ii) Vd ^ AV and Vi = A^~^Vd for 0 <i < d. 

Proof. This is a reformulation of Lemma 112.61 □ 


Assume A G End(E) is Nil. By Lemma 112.71 for v G V\AV the sequences and 

are bases for V. Relative to these bases the matrices representing A are, respec¬ 
tively. 


/ 0 
1 0 


VO 


0 \ 


1 0 / 


/ 0 1 
0 1 


VO 


0 \ 

1 

0 


For u,v G V\AV, we now compute the transition matrix from the basis to the 

basis There exist scalars {ai}f^Q in F such that ao 7 ^ 0 and v = 

In this equation, for 0 < j < d apply A^ to each side and adjust the result to obtain 
A^v = J2'i=j Oii-jA^u. This yields 


3 

A‘^~^v = ^ aj-iA‘^~^u 0 < j < d. (43) 

i=0 

By (031), the transition matrix from the basis {A‘^~^u}f^Q to the basis is upper 

triangular, and Toeplitz with parameters Define <h = ■ ^^7 construction 

A$ = <I>A and = v. Therefore $ sends A‘^~'^u 1—)■ for 0 < i < d. 
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Proposition 12.8. Let {ui}f^Q and {vi}f^Q denote bases for V. Then the following are 
equivalent: 

(i) there exists A G End(P) such that Aui = Ui-i {I < i < d), Auq = 0, Avi = Vi-i 
{I < i < d), Avo = 0; 

(ii) the transition matrix from {ui}f^Q to {vi}f^Q is upper triangular and Toeplitz. 

Proof, (i) (ii) The map A is Nil by Lemma [12.51 By Lemma [12.71 there exist u,v & V\AV 
such that Ui = A'^~'‘u and Vi = A'^~^v for 0 < z < d. Now (ii) follows from the sentence below 

dH. 

(ii) ^ (i) Define A G End(D) such that Auq = 0 and Aui = Ui-i for 1 < i < d. For the 
transition matrix in question let denote the corresponding parameters, and define 

$ = Then ^4$ = $^4. By construction = n* for 0 < z < d. Therefore 

Avo = 0 and Avi = Vi-i for 1 < z < d. □ 

Lemma 12.9. Assume that the two equivalent conditions in Proposition hold, and let 
{aj})Lo denote the parameters for the Toeplitz matrix mentioned in the second condition. Fix 
0 7^ r G F. 

(i) If we replace Ui by zz' = rut for 0 <i < d, then the equivalent conditions in Proposition 
\12.8\ still hold, with A' = A and a[ = r~^ai for 0 < z < d. 

(ii) If we replace Ui and Vi by u[ = Pui and v[ = Pvi for 0 < z < d, then the equivalent 
conditions in Proposition \12.8\ still hold, with A' = r~^A and a' = for 0 < z < d. 

Proof. By linear algebra. □ 

13 LR triples 

We now turn our attention to LR triples. Throughout this section, V denotes a vector space 
over F with dimension d + 1. 

Definition 13.1. An LR triple on V is a sequence A, B, C of elements in End(R) such that 
any two of A, B, C form an LR pair on V. This LR triple is said to be over F. We call V 
the underlying vector space. We call d the diameter. 

Definition 13.2. Let A, B, C denote an LR triple on V. Let V denote a vector space over 
F with dimension d + 1, and let A', B', C denote an LR triple on V. By an isomorphism of 
LR triples from A, B, C to A, B', C we mean an F-linear bijection a \V ^ V' such that 

a A = A'a, aB = B'a, aC = C'a. 

The LR triples A, B, C and A, B', C are called isomorphic whenever there exists an isomor¬ 
phism of LR triples from A, B, C to A, B', C. 

Example 13.3. Assume d = 0. A sequence of elements A, B, C in End(R) form an LR 
triple if and only if each of A, B, C is zero. This LR triple will be called trivial. 
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We will use the following notational convention. 

Definition 13.4. Let A, B, C denote an LR triple. For any object / that we associate with 
this LR triple, then /' (resp. /") will denote the corresponding object for the LR triple 
B,C,A (resp. C,A,B). 

Definition 13.5. Let A,B,C denote an LR triple on V. By Definition 113.11 the pair A,B 
(resp. B, C) (resp. C, A) is an LR pair on V. Following the notational convention in 
Dehnition 113.41 for these LR pairs the parameter sequence is denoted as follows: 


LR pair 

parameter sequence 

A,B 

me ; 

B,C 

mf=i 

C,A 



We call the sequence 

(44) 

the parameter array of the LR triple A, B, C. 

Note 13.6. As we will see, not every LR triple is determined up to isomorphism by its 
parameter array. 

Lemma 13.7. Let A, B, C denote an LR triple on V, with parameter array (jH]). Let a, fd, 7 
denote nonzero scalars in F. Then the triple aA, fdB, yC is an LR triple on V, with parameter 
array 

({a/3(Pi}ti; {P'yT'i}i=L 

Proof. Use Lemma [3.391 and Definition 113.51 □ 

Lemma 13.8. Let A,B,C denote a nontrivial LR triple overW. Let a,/5,7 denote nonzero 
scalars in F. Then the following are equivalent: 

(i) the LR triples A,B,C and aA, fdB^'yC have the same parameter array; 

(ii) aft = ft'f = 'ya = 1; 

(iii) a = Id = 'y e {1,-1}. 

Proof. Use Lemma [13.71 □ 

Lemma 13.9. Let A, B, C denote an LR triple on V, with parameter array (jH]). Then each 
permutation of A,B,C is an LR triple on V. The corresponding parameter array is given 
in the table below: 


LR triple 

parameter array 

A, B,C 

B, C,A 

C, A,B 

iw^}f=Tmf=Lwn^=l) 
iWi}tL WntL 

C,B,A 

A, C,B 

B, A,C 

{{T'd-i+l\‘i=Ti {Td-i+l}i=l] {T'd-i+l\‘i=l) 

{{Td-i+i}LT Wd-i+iYi=L {Td-i+i}ti) 

{{Td-i+i}i=i', {T'Yi+i}i=L {Td-i+i}i=i) 
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Proof. By Lemma 13.141 and Definition 113.51 


□ 


Definition 13.10. Let A, 5, C and A\ B', C denote LR triples on V. These LR triples will 
be called associates whenever there exist nonzero a ,/?,7 in F snch that 

A' = aA, B' = (5B, C = ^iC. 

Associativity is an eqnivalence relation. 

Lemma 13.11. Let A, B, C and A', B', C denote LR triples over F. Then the following are 
equivalent: 

(i) there exists an LR triple overF that is associate to A, B, C and isomorphic to A', R', C; 

(ii) there exists an LR triple overF that is isomorphic to A, R, C and associate to A', R', C . 

Proof. Similar to the proof of Lemma 110.31 □ 

Definition 13.12. Let A, R, C and A', R', C denote LR triples over F. These LR triples will 
be called szmz/ar whenever they satisfy the eqnivalent conditions (i), (ii) in Lemma [13.111 
Similarity is an eqnivalence relation. 

Lemma 13.13. Let A,B,C denote an LR triple on V, with parameter array (HTll . In each 
row of the table below, we display an LR triple on V* along with its parameter array. 



Proof. The given triples are LR triples by Lemma I5.4f il and Definition 113.11 To compnte 
their parameter array nse Lemmas 15.61113.91 □ 

Definition 13.14. Let A, R, C denote an LR triple on V. By a relative of A, R, C we mean 
an LR triple from the table in Lemma [13.91 or Lemma [13.131 A relative of A, R, C is said to 
have positive orientation (resp. negative orientation) with respect to A, R, C whenever it is 
in the top half (resp. bottom half) of the table of Lemma [13.91 or the bottom half (resp. top 
half) of the table in Lemma 113.131 We call snch a relative a p-relative (resp. n-relative) of 
A, R, C. Note that an n-relative of A, R, C is the same thing as a p-relative of C, B, A. 

Let A, R, C denote an LR triple on V. By Lemma 13.31 each of A, R, C is Nil. By Lemma 
13.71 the following are mntnally opposite flags on V: 

{A-^-Wlto, {C"-W}to- (45) 
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Lemma 13.15. Let A,B,C denote an LR triple on V. In each row of the table below, we 
display a decomposition ofV along with its induced flag on V: 



Proof. By Lemma [3.71 □ 

Lemma 13.16. Let A,B,C denote an LR triple on V. In each row of the table below, we 
display a decomposition of V along with its dual decomposition of V*. 



Proof. By Lemma [5.41 □ 

Lemma 13.17. Let A,B,C denote an LR triple on V. In each row of the table below, we 
display a flag on V along with its dual flag on V*. 


flag on V 

dual flag onV* 





{c^^-^vyto 

1 

* 

o 


Proof. By Lemma [5.31 □ 

Lemma 13.18. Let A,B,C denote an LR triple on V. In the table below we describe the 
action of A, B,C on the flags fl4S]) . 


flag on V 

lowered by 

raised by 

{A‘‘-'V}t, 

A 

B,C 

lB-‘-‘V}U 

B 

C,A 


C 

A,B 
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Proof. Any two of A, B, C form an LR pair on V. Apply Lemma [3.441 to these pairs. 


□ 


Lemma 13.19. Let A^B^C denote an LR triple on V. In each row of the table below, we 
display a decomposition {Vi}f^Q ofV. For 0 < i < d we give the action of A,B,C on Vi. 


dec. {Rito 

action of A on R 

action of R on R 

action of C on R 

{A,B) 

AR = R_i 

BV = V+i 

CV V V-1 + R + R+I 

{B,C) 

AR C R_i + R + R+i 

BV = R-I 

CV = R+i 

{C,A) 

AR = R+i 

BV V V-i + R + R+I 

CV = R-i 

{B,A) 

AR = R+i 

BV = R-i 

CV V R-i + R + R+i 

{C,B) 

AR C R_i + R + R+i 

BV = R+i 

CR = R-i 

{A,C) 

AR = R_i 

BV V R-i + R + R+i 

RR = R+i 


Proof. We verify the first row; the other rows are similarly verified. Let i be given. By 
constrnction AV = V-i and BV = V^+i. We now compnte CV. By Lemma [13.151 the flag 
{A^~^V}j^q is indnced by By Lemma 113.181 the flag {A'^~^V}j^q is raised by C. By 


these comments and Definition 13.421 

CVCC(Vo + --- + V) CVo + --- + R,+i. (46) 

Similarly, the flag {B‘^~^V}j^q is indnced by {Vd-jjj^Q and raised by C. Therefore 

CD, CC(V + --- + R,) C + ... + R,. (47) 

Combining fl46|) . (1471) we obtain CV C V-i + R + R+i- □ 

Lemma 13.20. Let A,B,C denote an LR triple on V. Then the W-algebra End(R) is 
generated by any two of A,B,C. 

Proof. By Corollary 13.111 □ 

Definition 13.21. Let A,B,C denote an LR triple on R. Recall that the pair A,B (resp. 


B, C) (resp. C, A) is an LR pair on R. For these LR pairs the idempotent seqnence from 
Definition 13.51 is denoted as follows: 


LR pair 

idempotent seqnence 

A,B 

{ste; 

B,C 


C,A 

{E'nu 


We call the seqnence 

{E'ijtoAEnto) (48) 

the idempotent data of A, B, C. 

Lemma 13.22. Let A,B,C denote an LR triple on V. Let a ,/?,7 denote nonzero scalars 
in F. Then the idempotent data of aA, f3B,'yC is egual to the idempotent data of A, B,C. 
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Proof. By the last assertion of Lemma 13.81 


□ 


Let A, 5, C denote an LR triple on V. Our next goal is to compute the idempotent data for 
the relatives of A, B, C. 

Lemma 13.23. Let A,B,C denote an LR triple on V, with idempotent data fHHj) . In each 
row of the table below, we display an LR triple on V along with its idempotent data. 



Proof. Use Lemma [3.61 □ 

Lemma 13.24. Let A,B,C denote an LR triple on V, with idempotent data fl48p . In each 
row of the table below, we display an LR triple on V* along with its idempotent data. 



Proof. By Lemmas 15.51113.231 


□ 


Lemma 13.25. Let A, B, C denote an LR triple on V, with parameter array (1441) and 
idempotent data fj48l) . Then for 0 < i < d. 


E, 

E, 


j^d-iRdjY 

Pl---Pd ’ 
Rij^dRd-i 

Pl---Pd ’ 


Proof. By Lemma [3.181 


E[ 

E[ 


pd-icdpi 

/ / 5 

Pi-■■Pd 

(Ji Bd(jd—i 

P'l---P'd' 


E': 

E'' 


(jd—i j^d(ji 


p'i---p'y 

p'i---p'y 


□ 


Lemma 13.26. Let A,B,C denote an LR triple on V, with idempotent data fl48|) . Then for 
0 < ? < j < d the following are zero: 


A^E,, 

EjA^^-f 

E^B\ 

B’^-^Ej, 

B^E[, 

E'jB^-\ 

E'fJ\ 

C^-^E'j, 

C^El 

E'’C^-\ 

e:a^, 

A^-^E”. 
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Proof. By Lemma [3.191 


□ 


Lemma 13.27. Let A, B, C denote an LR triple on V, with idempotent data fHSl) . Then the 
following (i), (ii) hold for 0 < i, j < d. 

(i) Suppose i + j < d. Then 


EiE'j — 0 , 

(ii) Suppose i + j > d. Then 

EjEi = 0 , 


E'E^ = 0 , EfE, = 0 . 

E]E: = 0 , E,E: = 0 . 


Proof, (i) We show E^E'^ = 0. The sequence {EIV}'^^q is the {B,C) decomposition of V, 
which induces the flag {B'^~'^V}'^^q on V. By this and Lemma [13.261 

EiElV C + ■ ■ ■ + E'jV) = EiB^^-^V = 0. 

This shows that EiE'- = 0. The remaining assertions are similarly shown. 

(ii) We show E'^Ei = 0. The sequence {Ed-rV}f^Q is the {B,A) decomposition of V, which 
induces the flag on V. Now by Lemma fl3.26l 

E'EiV C E'jiEiV + • ■ ■ + EdV) = E’B^V = 0. 

This shows that EjEi = 0. The remaining assertions are similarly shown. □ 

Lemma 13.28. Let A,B,C denote an LR triple on V, with idempotent data fHHj) . Then for 
0<i,j <d, 


EiE'j Ei — Si+j^dEi, 
EiE'j Ei = Si^j^dEi, 


e[e';e[ = 5,+,,dE'i, 

E'.E.E' = 6,^,,dE', 


EfE.E: = 6,+,,dE:, 

EfE’^E'' = 


Proof. Consider the product EiE'jEi. First assume that i+j < d. Then EiE'j = 0 by Lemma 
I13.27f i). so EiE'jEi = 0. Next assume that i + j > d. Then E'jEi = 0 by Lemma ri3.27f ii). 
so EiE'jEi = 0. Next assume that i + j = d. By our results so far, 


d 

EiE'jEi = 'y ^ EjE'^Ej = EilEi = Ei. 

r=0 


We have verified our assertion for the product EiE'jEp, the remaining assertions are similarily 
verified. □ 


Lemma 13.29. Let A,B,C denote an LR triple on V, with idempotent data fHHj) . Then for 
0 < i, j < d the products 


E^E'j, 

E'E], 

E-Ej, 

E,E';, 

E'Ej, 

e:e^ 

have trace 0 if i + j ^ d and trace 1 if i + j 

= d. 
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Proof. For each displayed equation in Lemma 113.281 take the trace of each side and simplify 
the result using ii{KL) = ii{LK). □ 


Proposition 13.30. Let A, B, C denote an LR triple on V, with parameter array and 
idempotent data (HHj) . In the table below, for each map F in the header row, we display the 
trace of FEi, FE[, FE” for 0 <i < d. 


F 

AB 

BA 

BC 

CB 

CA 

AC 

triFE,) 

Ti+l 

Pi 

P'd-i+i 

P'd-i 

Pd-i+i 

Pd-i 

b(FEl) 

Td—i+1 

^d—i 

Pi+i 

P'^ 

Pd-i+i 

Pd-i 

tr(F£,") 

Rd—i+l 

^d—i 

P'd-i+i 

P'd-i 

P'l+i 

P'l 


Proof. We verify the hrst column of the table. We have ii{ABEi) = by Lemma [3.201 
To verify ti{ABE'f) = (pd-i+i and tii^ABE”) = (pd-i+ii eliminate AB using the equation on 
the left in ([3]), and evaluate the result using Lemma [13.291 We have verihed the hrst column 
of the table; the remaining columns are similarly verihed. □ 

In Proposition 113.301 we used the trace function to describe the parameter array of an LR 
triple. We now use the trace function to dehne some more parameters for an LR triple. 

Definition 13.31. Let A,B,C denote an LR triple on V, with idempotent data fl48l) . For 
0 < i < d dehne 


a, = tiiCEi), a[ = tT{AE'), a" = tiiBEf). 


We call the sequence 


({a.}to;{a'}to;K}to) 


(49) 


(50) 


the trace data of A, B,C. 


Our next goal is to describe the meaning of the trace data from several points of view. 

Lemma 13.32. Let A,B,C denote an LR triple on V, with trace data fl50l) . Consider 
a basis for V that induces the {A, B)-decomposition (resp. {B,C)-decomposition) (resp. 
{C, A)-decomposition) ofV. Then for 0 < i < d, Oi (resp. a'J (resp. a”) is the {i,i)-entry 
of the matrix in Matd+i(F) that represents C (resp. A) (resp. B) with respect to this basis. 

Proof. To obtain the assertion about a*, in the equation on the left in fj49l) represent C and Ei 
by matrices with respect to the given basis. The other assertions are similarly obtained. □ 

Lemma 13.33. Let A, B, C denote an LR triple on V, with idempotent data fl38|l and trace 
data fl50|l . Then for 0 < i < d, 


EiC Ei OiEi, 


E'AE’ = a(E’, 


EfBEf = aHE) 


Proof. We verify the equation on the left. Since Ei is idempotent and rank 1, there exists 
a G F such that EiCEi = aEi. In this equation, take the trace of each side and use Dehnition 
ll3.31l to get a = Oi. □ 
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Lemma 13.34. Let A,B,C denote an LR triple on V, with trace data fl50|) . Then 






0=5:' 




i=0 


i=0 


i=0 


Proof. The sum Yli=o trace of C, which is zero since C is nilpotent. The remaining 

assertions are similarly shown. □ 

Lemma 13.35. Let A^B,C denote an LR triple on V, with trace data flSU]) . Let 
denote nonzero scalars in F. Then the LR triple aA, (]B,''yC has trace data 

({70*} to; {«<}to; W!}to)- 


Proof. Use Lemma 113.221 and Definition 113.311 □ 

Let A,B,C denote an LR triple on V. Our next goal is to compute the trace data for the 
relatives of A, B,C. 

Lemma 13.36. Let A,B,C denote an LR triple on V, with trace data fl50|) . In each row of 
the table below, we display an LR triple on V along with its trace data. 


LR triple 

trace data 

A, B,C 

B, C,A 

C, A,B 

({atto; {<}to; {<}to) 
({«tf=o; {«*}f=o) 

({«tf=o; {atto; {«tf=o) 

C,B,A 

A, C,B 

B, A,C 

({ati}f=o; {Od-tto; {a'ttto) 

{{^d-i}i=o'i {^'d-i}i=o'i 

({a<.-tto; Jto; Jto) 


Proof. By Lemma 113.231 and Definition [T3.3 II □ 

Lemma 13.37. Let A,B,C denote an LR triple on V, with trace data fl50|) . In each row of 
the table below, we display an LR triple on V* along with its trace data. 


LR triple 

trace data 

A, B,C 

B, C,A 

C, A,B 

({ad-i}to; Wd-i}f=o', {ad-iYi=o) 
({Od-ilto; Wd-iYi=o-. {ad-iY=o) 
iY'YiY=o'i Yd-iY=o'-! Y'd-iY=a) 

C,B,A 

A, C,B 

B, A,C 

({<}f=o; {<}f=o) 

{«*}f=o) 

({ai}f=o; {a'/lto; WiY=A 


Proof. An element in End(U) has the same trace as its adjoint. The result follows from this 
along with Lemma 113.241 and Definition 113.311 □ 
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Let A, B, C denote an LR triple on V, with parameter array dB]), idempotent data fHHl) . and 
trace data fISOl) . Associated with A, B, C are 12 types of bases for V: 


(A,F), 

inverted (A,F), 

{B,A), 

inverted (F,A), 

(51) 


inverted (5,0), 

(C',F), 

inverted {C,B), 

(52) 

{C,A), 

inverted (C, A), 


inverted (A,^). 

(53) 


We now consider the actions of A, B, C on these bases. We will nse the following notation. 

Definition 13.38. For the above LR triple A, B, C consider the 12 types of bases for V 
from (j5Tll - (j53il . For each type t] in the list and F G End(R) let denote the matrix in 
Matrf+i(F) that represents F with respect to a basis for V of type t]. Note that the map 
t] : End(R) —)■ Matd+i(F), F i—)■ F*’ is an F-algebra isomorphism. 

Proposition 13.39. For the above LR triple A,B,C consider the 12 types of bases for V 
from (I5I])-(I531). For each type t] in the list, the entries of A^, B'^ , are given in the table 
below. All entries not shown are zero. 




4 


B^ 

^i,i-l 

B^ ■ 

lA 

b'^ 

^i—ld 

/^tl 


'^i-l.i 

(A,F) 

0 

0 

1 

Pi 

0 

0 

p'Li+1 

di 

Pd-i+1 

inv. (A,F) 

1 

0 

0 

0 

0 

z+1 

Ai 

V^d —i+1 

^d—i 

p'l 

{B,A) 


0 

0 

0 

0 

1 


^d—i 

PI 

V^d —i+1 

inv. (F,A) 

0 

0 

'■Pi 

1 

0 

0 

f'd-i+x 

di 

P'd-i+l 

{B,C) 


a'i 

‘r'd-i+i 

A 

0 

0 

1 

r. 

0 

0 

inv. {B,C) 

A' 

‘Td-i+l 

a'd-i 

Pi 

1 

0 

0 

0 

0 

p'd-i+1 

iC,B) 


a'd-i 

<Pi 

rd-i+i 

Pd-i+1 

0 

0 

0 

0 

1 

inv. {C,B) 

i+1 

A 

a' 

P'Li+i 

0 

0 

p'i 

1 

0 

0 

(C,A) 

L>i 

0 

0 

P'd-i+1 

< 

—i+l 

r'l 

0 

0 

1 

inv. (C',A) 

0 

0 

p'Li+i 

f'd-i+i 

a'l. 

P\ 

1 

0 

0 

(A,C) 

0 

0 

1 

Pi 

a'd-i 

Ai 

ALi+i 

Pd-i+1 

0 

0 

inv. (A,^) 

1 

0 

0 

'Pd-i+l 

r'l 

< 

2+1 

0 

0 

p'l 


Proof. We verify the first row of the table. Consider a basis for V of type t] = {A,B). The 
entries of A^ and B^ are given in Lemma 13.231 We now compnte the entries of C'^. This 
matrix is tridiagonal by Lemma [13.191 The diagonal entries of C'^ are given in Lemma [13.321 
As we compnte additional entries of C\ we will nse the fact that for 0 < j < d the matrix E'j 
has (j,j)-entry 1 and all other entries 0. For 1 < z < d we now compnte the {i,i — l)-entry 
of Cf We evalnate tr(C'AFj) in two ways. On one hand, by Proposition 113.301 this trace 
is eqnal to On the other hand, by linear algebra this trace is eqnal to tr{C'^A^^E'^), 

which is equal to the (z,z)-entry of by the form of E^. By the form of A\ the (z,z)- 
entry of C'^Af is equal to By these comments Next we compute the 
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{i — l,i)-entry of CK We evaluate tT{BCEi) in two ways. On one hand, by Proposition 
113.301 this trace is equal to On the other hand, by linear algebra this trace is equal 

to tr(i?^C'^£'j-), which is equal to the (i,i)-entry of by the form of By the form of 
the (i,i)-entry of B'^C'^ is equal to By these comments ^ (pi. We 

have verihed the hrst row of the table, and the remaining rows are similarly verihed. □ 

Proposition 13.40. yin LR triple is uniquely determined up to isomorphism by its parameter 
array and trace data. 

Proof. In Proposition 113.391 the matrix entries are determined by the parameter array and 
trace data. □ 

Let A, B, C denote an LR triple on V. Recall the 12 types of bases for V from (l5TD - fl5^ . We 
now consider how these bases are related. As we proceed, keep in mind that any permutation 
of A, B, C is an LR triple on V. 

Lemma 13.41. Let A^B^C denote an LR triple on V. Let denote an {A,C)-basis 

ofV, and let {vi}f^Q denote an {A, B)-basis ofV. Then the transition matrix from {ui}f^Q 
to is upper triangular and Toeplitz. 

Proof. Let S G Matrf+i(F) denote the transition matrix in question. By Dehnition 13.211 and 
the construction, Aui = Ui-i {1 < i < d), Auq = 0, Avi = Vi-i (1 < f < d), Avq = 0. Now 
by Proposition 112.81 S is upper triangular and Toeplitz. □ 

Definition 13.42. Two bases of V will be called compatible whenever the transition matrix 
from one basis to the other is upper triangular and Toeplitz, with all diagonal entries 1. 

Lemma 13.43. Let A,B,C denote an LR triple on V. Given an {A,C)-basis of V, there 
exists a compatible {A, B)-basis ofV. 

Proof. Let denote the (A, C)-basis in question. Let denote an (A, i?)-basis of 

V. Let S G Matrf+i(F) denote the transition matrix from {ui}f^Q to {vi}f^Q. By construction 
S is invertible. By Lemma 113.411 S is upper triangular and Toeplitz. Let denote 

the corresponding parameters, and note that oq 7^ 0. Dehne n' = Uj/oo for 0 < i < d. Then 
is (A, R)-basis of V. The transition matrix from {ui}f^Q to is S/uq. This 

matrix is upper triangular and Toeplitz, with all diagonal entries 1. Now by Dehnition 113.421 
the basis is compatible with {ui}f^Q. □ 

Definition 13.44. Let A^B^C denote an LR triple on V. We dehne matrices T,T',T" in 
Matrf+i(F) as follows: 

(i) T is the transition matrix from a (C, i?)-basis of R to a compatible {C, A)-basis of R; 

(ii) T' is the transition matrix from an (A, C')-basis of R to a compatible (A, R)-basis of 

(hi) T" is the transition matrix from a {B, A)-basis of R to a compatible {B, C)-basis of R. 
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Definition 13.45. Let A, B, C denote an LR triple on V. By Definition 113.421 the associated 
matrix T (resp. T') (resp. T") is upper triangular and Toeplitz; let (resp. 

(resp. {a'lyf^o) denote the corresponding parameters. Let denote 

the parameters for T“^, (T')“^, (T")“^ respectively. We call the 6-tuple 


{Alto; {«:}to, {Alto; {«rito, {A'ltc 


(54) 


the Toeplitz data for A, B,C. For notational convenience define each of the following to be 
zero: 




a 


d+li 


a 


d+n 


A+n A 




A+i- 


Lemma 13.46. Referring to Definition\13.45, 


Oo — 1 , 

A = 1 ) 


Moreover 


A = -«i, 


«o = 1 , 

A ~ 


A — 0 ^ 1 ) 


«0 = 1 . 


A' = 1- 


A' = 


(55) 

(56) 


(57) 


Proof. Concerning 0551) . 056p the matrices T, T',T" and their inverses are all transition ma¬ 
trices between a pair of compatible bases. So their diagonal entries are all 1 by Definition 
113.421 Line 0571) comes from above Lemma [12.51 □ 

Lemma 13.47. Referring to Definitions 13.44 


d 


r = ^a.r' T' = Y.°[t' 

2 = 0 2=0 

d d 

T-^ = Y^hT\ (r')-' = 5 ;/ 3 .V. 


rjnff _ 


E 

i=0 


a"T\ 


(T")-^ = Y.Kr. 


i=0 


i=0 


i=0 


Moreover T, T', T", r mutually commute. 
Proof. By Lemma [12.31 


□ 


Lemma 13.48. Let A,B,C denote an LR triple on V, with Toeplitz data fj541) . Let 
denote nonzero scalars in F. Then the LR triple aA, fdB^'yC has Toeplitz data 


({7-*«Oto, {7-*Alto; {«“*Alto, {«"A'lto; {/^'^Alto, {/S"A''lto)- 


— 2 /O/'l d 


D—i^ //T d 


D—i zd/M d 


(58) 


Proof. Use Lemma 712. 9f ii). □ 

Let A, R, C denote an LR triple on V. Our next goal is to compute the Toeplitz data for 
the relatives of A, B, C. 


61 















Lemma 13.49. Let A,B,C denote an LR triple on V, with Toeplitz data fl541) . In each row 
of the table below, we display an LR triple on V along with its Toeplitz data. 


LR triple 

Toeplitz data 

A, B,C 

B, C,A 

C, A,B 

{Alto; (Alto. {A'lto; KIto. (A'lto) 
{A'}f=o; {A"}f=o; {«Af=o> {Alto) 

({«i'lto> {A"lf=o; {«Ato. {Alto; {"tto. lA'Ito) 

C,B,A 

A, C,B 

B, A,C 

({A'lf=o> {«tto; {Alto. {«Ato; {A'lto. WDUo) 
({A'lto. {«"}f=o; {A'lto. {Alto; {Alto. {«i}to) 
({Alto. {«*lto; {A'lto. {A'lto; {A'lto. {Alto) 


Proof. By Definition 113.441 and the construction. □ 

Lemma 13.50. Let {ui}f^Q (resp. denote a basis of V, and let (i^Gsp. 

{Vi}f^Q) denote the dual basis ofV*. Then the following are eguivalent: 

(i) and {vi}f^Q are compatible; 

(ii) Wd-i}f=o o-nd {v'^_iYi=Q are compatible. 

Moreover, suppose (i), (ii) hold. Then the transition matrix from to is the 

inverse of the transition matrix from {uYi}i=o to {vYi}i=o- 

Proof. Let S G Matd+i(F) denote the transition matrix from {ui}f^Q to {vi}f^Q. Then S'* 
is the transition matrix from {'o'i}i=o- Then (S*)“* is the transition matrix from 

{u'j}i=o to Then Z(S*)“*Z is the transition matrix from {uYi}i=o to {vYi}i=o- Note 

that S is upper triangular and Toeplitz with all diagonal entries 1, if and only if S“* is upper 
triangular and Toeplitz with all diagonal entries 1. By this and Lemma [12.41 we see that S 
is upper triangular and Toeplitz with all diagonal entries 1, if and only if Z(S*)“*Z is upper 
triangular and Toeplitz with all diagonal entries 1, and in this case Z(S*)“*Z = S~^. The 
result follows. □ 

Lemma 13.51. Let A,B,C denote an LR triple on V, with Toeplitz data (1541) . In each row 
of the table below, we display an LR triple on V* along with its Toeplitz data. 


LR triple 

Toeplitz data 

A, B,C 

B, C,A 

C, A,B 

({Alto, {o^ilto; {Alto. {Alto; {At to. {At to) 
({Alto. {Alto; {A'lto. {A'lto; {Alto. {«ilto) 
({A'lto. {A'lto; {Alto. {«Ato; {Alto. lAlto) 

C,B,A 

A, C,B 

B, A,C 

({Alto. {Alto; {«Ato. {Alto; KIto. {A'lto) 
({A'lto. {A'lto; {Alto. {Alto; {«Ato. {Alto) 
({«Ato. {Alto; {A'lto. {A'lto; {Alto. lAlto) 


Proof. Use Lemma 15.71 Dehnition 113.441 and Lemma 113.501 


□ 
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Until further notice fix an LR triple A,B,C on V, with parameter array dS]), idempotent 
data fH 8 l) . trace data fl50|) . and Toeplitz data fl5^ . Recall the 12 types of bases for V from 
fl5T]) - fl53l) . As we consider how these bases are related, it is convenient to work with specihc 
bases of each type. Fix nonzero vectors 


r] e i e RV, 

fj e A'^v*, fj' G 


By construction, 

Ar] = 0, Bt]' = 0, 

Afj = 0, Bf]' = 0, 

We mention a result for later use. 

Lemma 13.52. The following scalars are nonzero: 


M'), 


For d > 1 the following scalars are zero: 






i' e C"^u, 

~n ^ 


Cv" = 0 , 
Cfi" = 0. 


ivAv')- 


ivAvA- 


(59) 

(60) 


(61) 

(62) 


(63) 

(64) 


(65) 


Proof. We show that (r;,?)') A 0- By assumption 0 7^ 77 G A^V and 0 ^ fj' G B'^V* . The 
flags and are dual by Lemma 113.171 therefore BV is the orthogonal 

complement of B’^V*. The flags and are opposite; therefore A‘^V fl 

BV = 0. By these comments {ri,fj') 7^ 0. The other hve inner products in fl63|l . fl641) 
are similarly shown to be nonzero. Next assume that d > 1. We show that {ri,fj) = 0. 
By construction 77 G A'^V and fj G A'^V* . The flags and 

dual by Lemma [13.171 therefore AV is the orthogonal complement of A’^V*. The subspace 
AV contains A'^V since d > 1; therefore A'^V is orthogonal to A’^V*. By these comments 
( 77 , fj) = 0. The other two inner products in (1651) are similarly shown to be zero. □ 


We now display some bases for V of the types (l5T|) - fl53|) . 


Lemma 13.53. In each row of the tables below, for 0 < i < d we display a vector Vi G V. 
The vectors {vi}f^Q form a basis for V; we give the type and the induced decomposition of 

V. 


Vi 

type of basis 

induced dec. of V 

B^rj 

inverted (R, A) 

{A,B) 


(R,A) 

(B,A) 

{(fl ■ ■■fi)-^B'rj 

(A,R) 

{A.B) 

{fl ■ ■ ■ fd-i)~^B'^~'r] 

inverted {A,B) 

{B,A) 

C't] 

inverted {C, A) 

{A,C) 


{C,A) 

{C,A) 

{fd---fd-i+l)~^C'7] 

{A,C) 

{A,C) 

{f'!i - ■ ■ f'Ai)-^C‘^-'r] 

inverted {A, C) 

{C,A) 
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Vi 

type of basis 

induced dec. of V 


0r]' 

inverted {C,B) 

{B,C) 


Cd-i^ 

{C,B) 

iC,B) 

{p'l 

■ ■ p'fj-^C^r]' 

{B,C) 

{B,C) 

{p'l ■ • 

p'd-i)~^C‘^~W 

inverted {B, C) 

iC,B) 


A^r]' 

inverted {A, B) 

(B.A) 



{A,B) 

{A,B) 

{pd-- 

■ <Pd-i+i)~^ A'-p' 

{B,A) 

iB,A) 

{pd-- 


inverted {B, A) 

(A,B) 


Vi 

type of basis 

induced dec. of V 

A^rj” 

inverted {A, C) 

iC,A) 

j^d-i^n 

{A,C) 

(AC) 


{C,A) 

{C,A) 

(rr ■ ■ f'Li)-'A^-sf 

inverted {C, A) 

(AC) 

BY 

inverted (5, C) 

{C,B) 

j^d-i^n 

{B,C) 

(BY) 

Yd---p'd-i+i)~^BY 

{C,B) 

{C,B) 

{p'd---p'i+i)~^B'^-^i' 

inverted {C, B) 

(BY) 


Proof. Use Lemmas 13.24113.27113.30113.331 □ 

Lemma 13.54. In each of (i)-(iii) below we describe two bases from the tables in Lemma 
\13.53[ These two bases are compatible. 

(i) the (y4, B)-basis in the first table, and the [A, C)-basis in the first table; 

(ii) the {B,C)-basis in the second table, and the {B, A)-basis in the second table; 

(iii) the (C, A)-basis in the third table, and the {C, B)-basis in the third table. 

Proof, (i) Let denote the {A, C)-basis in the hrst table, and let denote the 

{A, i?)-basis in the hrst table. Let S G Matrf+i(F) denote the transition matrix from {ui}f^Q 
to {vi}f^Q. By Lemma 113.411 S is upper triangular and Toeplitz; let {si}f=o denote the 
corresponding parameters. Note that uq and vq are both equal to rj; therefore sq = 1. 
Consequently the diagonal entries of S are all 1. The bases {ui}f^Q and {vi}f^Q are compatible 
by Dehnition 113.421 

(ii), (iii) Similar to the proof of (i) above. □ 

Lemma 13.55. Referring to Lemma \13. 53\. 

(i) T is the transition matrix from the {C, B)-basis in the third table, to the {C, A)-basis 
in the third table; 

(ii) T' is the transition matrix from the {A,C)-basis in the first table, to the {A, B)-basis 
in the first table; 
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(iii) T" is the transition matrix from the {B, A)-basis in the second table, to the {B, C)-basis 
in the second table. 


Proof. By Definition 113.441 and Lemma [13.541 □ 

Lemma 13.56. For 0<j<d, 


= > a'_. C% 


i=0 rd Pd-i+1 


= > AW, 

i=0 Pd—i+l 


C’r,' = E 

i=0 

= E 


= > aj_i— - B r] , 

p'd--- Pd-i+i 


i=0 


Proof. Use Lemmas 113.531113.551 
Lemma 13.57. lUe have 


v = MEo:-4V', 


7 ]" = 


( 7 ", 7 ) t: 
v') 


i=0 
d 




M) 


cy = E/?'_, 

i=0 

A’v'-'ZPU 

i=0 

= E ft-i 

j=0 




Pi' 

■ --Pi 

Pd--- 

■ Pd-j+l 

p'l 

■■■P'i 

p'd-- 

■ ^'d-j^l 

p'l 

■■■p'l 


5*7, 


Ay. 


□ 


( 7 , 7 ') 


i=0 

’i" = fAif2KASi'. 

(7', 7) ^ 


(7,7" 
(7", 7) 


( 66 ) 

(67) 

( 68 ) 


Proof. We verify the equation on the left in fl66|) . By Lemma [13.531 {C'^~'^r]'}f^Q is a {C, B)- 
basis of V. Let {nj}(hg denote a compatible {C, y4)-basis of V. By Definition I13.44f ii 
T is the transition matrix from {C"^“*?7'}(Lo to {vi}^. By the discussion in Definition 
113.451 T is upper triangular and Toeplitz with parameters By these comments 

Vd = Yli=o OiiC^v'- By construction Vd is a basis of A^^V. Since rj is also a basis of A^^V, there 
exists 0 7 ^ C ^ IF' such that r] = (vd- Therefore 


d 

i=0 


(69) 


We now compute (. In the equation fl69H . take the inner product of each side with fj". By 
Lemma [13.161 (row 2 of the table) we have {C’^rj', fj") = 0 for 1 < i < d. By this and cxq = 1 
we obtain {rj^fj") = C(7*, 7*0- Therefore 


(7, 7") 

(7', 7")' 


(70) 


Combining f[69|l . f[70|) we obtain the equation on the left in fl66|) . The remaining equations 
in f[66|) - f[68|l are similarly verified. □ 
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In the next two lemmas we give some results about ai. Similar results hold for a'^, a". 


Lemma 13.58. Assume d > 1. Then the vector rj" is an eigenvector for A/ip" — B/ip'^ with 
eigenvalue ai. 


Proof. In Lemma 113.561 set j = 1 in either equation from the third row. 


□ 


Lemma 13.59. Assume d> 1. Then the column vector («[(,«'/,... is an eigenvector 
for the matrix 

( 0 0 \ 


-iM 


0 

-iM 


V?2M' 

0 


V 0 

The corresponding eigenvalue is ai. 


‘fidifi 

-iM 0 y 


(71) 


Proof. In Tjeninifl f1 7SI represent everything with respect to whieh is an inverted 

(S, y4)-basis of V. In this calculation use Proposition 113.391 and the equation on the left in 

□ 

Lemma 13.60. The column vector [a^, a ",..., a'^Y is an eigenvector for the matrix 


P'd 


( ao 

Td/Pi «i Td-i 
t'Li/T 2 a2 


V 0 


0 \ 


p'l 


(72) 


Ti/Pd ad / 


The corresponding eigenvalue is 0. 


Proof. In the equation Cp” = 0, represent everything with respect to which is an 

inverted (S, y4)-basis of V. In this calculation use Proposition 113.391 and the equation on the 
left in am. □ 


Lemma 13.61. For 0 < i < d, 

■ ■ ■ Ti^ild'd = Pd-i, 
(P1(P2 • • • Tia'iPd = /3d-v 


tW2 • • • P'iai/d’f = 
tW 2 ■ ■ ■ PWWd = Pd-i, 


T1T2 ■ ■ ■ Ti^^iPd = ^d-i, 


Proof. We verify the first equation. By Lemma 113.561 with j = d, 

d 




7 P'l ■■■Td 


d—i 


2=0 




B^p. 


(73) 


66 

















The vectors C^rj and r]'' are both bases for , so there exists 0 7 ^ "d G F such that 
C^T] = dr]''. Use this to compare fl73l) with the equation on left in fl 68 l) . We hnd that for 
0 < i < d, 


Setting i = 0 in fl7i|l . 


n, 0 „ 

h'd—i ' 


(pi • • • (Pi 


(h,h') 


(<?. r) 


(74) 

(76) 


Eliminating in (17411 using (171(11 . we obtain the first equation in the lemma statement. 
Apply this equation to the p-relatives of A, B, C to get the remaining equations in the 
lemma statement. □ 


Lemma 13.62. The following scalars are nonzero: 


Oid, 


a 


d') 


a 


d") 


Moreover 


Pd, Pd, P'd- 


T 1 T 2 ■■■Td= 


^'dP'l 


n n n 

TiT2---Td = 


T ’ 
1 


(^dPd 


A1A2 •••Ad = 


Oi'dPd OtdP, 


OidP'd (^'dPd 

Proof. Set i = d in Lemma 113.611 and use Lemma 113.461 
Lemma 13.63. For 0 < i < d, 


a,: 


ai 


<y'J 


A 1 A 2 • • • Ai 


A'iA2 ■■■Pi 


A'i'A2 • • • a" 


and also 


Pi 


PI 


P': 


^d^d—l * * ‘ ^d—i+1 


AdAd-i 


' Ad-i+i 


AdAd-i 


Ad-i+i 


n ’ 
d 


□ 


(76) 


(77) 


Proof. To obtain fl76|) . use Lemma [13.611 and the hrst assertion of Lemma [13.621 To obtain 
fl77|l . apply fl76|) to the LR triple A, B,C and use Lemmas 113.131113.511 □ 


Lemma 13.64. For 0 <J<d, 


B^t] 


C^T]' 


A>t]" 


1 (77, r]") A'^ ^ 7 ]' 

Pd iv', V") Pd--- Ai+i ’ 

1 {rj', f]) B'^~^ri" 

Pd {v",v) p'd---p'j+P 

1 {rj", fj') C'^~^r] 

Pd iv,v') Pd---p"j+P 


C^T] 

A^r]' 


1 [f], f]') A'^ ^rj" 

«d iv", d') P'i - - - Pd-j ’ 
1 ij]', fj") B'^~^rj 

a'd {v,v") Pi---Pd-A 


B^rj" 


1 [t]", rf) C"^ ^7]' 

“d A'i---Ad-i' 
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Proof. We verify the first equation. In Lemma 113.531 compare the {A, B)-ha.sis of V from 
the hrst table, with the {A, i?)-basis of V from the second table. By Lemma [3.221 there exists 
0 7^ C ^ IF such that 


- '— = CA^-^r^' i0< j<d). (78) 

Pi--- Pj 

We now hnd (. Setting j = 0 in d78|) we hnd rj = (fA^rj'. Use this to compare the equation 
in Lemma 113.561 (row 2, column 2, j = d), with the equation on the left in fl66l) . In this 
comparison consider the summands for i = 0 to obtain 


1 1 iv, i') 

Pd Pi---Pd (//', v”)' 


(79) 


Evaluating fl78|) using fl79|) we get the hrst displayed equation in the lemma statement. 
Applying our results so far to the LR triples in Lemma 113.91 we obtain the remaining 
equations in the lemma statement. □ 

We emphasize a special case of Lemma 113.641 

Lemma 13.65. We have 


B'^ri 





If 


(h) V”) f[_ 

iv'A") P'r 
iv', v) Tf_ 
{v",v) Pd 
iv”, v') v_ 
iv,v') Pd 


C^ri = 
A^rf = 
B^^rC 


iv, v') ff_ 

ad' 

iv', V") Jl_ 

^ iv"^ v) ff_ 


Proof. Set j = d in Lemma [13.641 

Proposition 13.66. Each of ad/Pd, Oi'^/P'd, ^'d!Pd equal to 

PiaPPi' a”)Pi” a) 


□ 


(80) 


Proof. The scalars ad/Pd, (^d/P'di ^d/P'd equal by Lemma [13.621 To see that ad/Pd is 

equal to flHOjl . compare the two equations in f[66|l using Lemma [13.641 [row 2, column 1). The 
result follows after a brief computation. □ 


Note 13.67. By Proposition 113.661 the scalars in f[63l) . fIMll are determined by the Toeplitz 
data ([541) and the sequence 


('?','?)■ 


(81) 


The scalars f[8T|) are “free” in the following sense. Given a sequence T of hve nonzero scalars 
in F, there exist nonzero vectors rj, r]/ rj" and t), fj', fj" as in ([59]), f[60l) such that the sequence 
f[8T]) is equal to T. 






























We display some transition matrices for later use. 

Lemma 13.68. Referring to Lemma \13.53[ the following (i)-(iii) hold. 


(i) The transition matrix from the inverted {B, A)-basis in the first table to the inverted 
{B, A)-basis in the second table is 


v”) 

[r], hi") 




The transition matrix from the inverted {C, B)-basis in the second table to the inverted 
{C, B)-basis in the third table is 


v) 

iv', v) 


Pdl. 


(iii) The transition matrix from the inverted {A,C)-basis in the third table to the inverted 
(A, C)-basis in the first table is 


{r]'f fj') 


P'J- 


Proof. Use Lemma [13.641 □ 

The following definition is motivated by Definition 13.471 

Definition 13.69. Let D (resp. D') (resp. D") denote the diagonal matrix in Matd+i(F) 
with {i, i)-entry <pi<p 2 ■ ■ ■ Ti (resp. (p[(p 2 ■ ■ ■ (resp. ■ ■ ■ g>'l) for 0 < z < d. 

The following result is reminiscent of Lemma 13.481 

Lemma 13.70. Referring to Lemma \13. 53\. 


(i) D is the transition matrix from the {A, B)-basis in the first table to the inverted {B, A)- 
basis in the first table; 

(ii) D' is the transition matrix from the {B,C)-basis in the second table to the inverted 
{C, B)-basis in the second table; 

(iii) D" is the transition matrix from the {C, A)-basis in the third table to the inverted 
{A, C)-basis in the third table. 


Proof. By Lemma 113.531 and Dehnition [T3.69I 

Definition 13.71. Let 6 denote the scalar flHOj) . By Proposition 113.661 

n _ _ O^d _ Oi'd 

~ Pd~ P'd~ 

Note that 6 * 7 ^ 0. 


□ 


(82) 
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Proposition 13.72. We have 


T'DZT”D'ZTD”Z 


I 


(83) 


where 9 is from Definition 13.71 


Proof. Consider the following 12 bases from Lemma 113.531 In each row of the table below, 
for 0 < f < d we display a vector Vi G V. The vectors {vi}f^Q form a basis for V] we give the 
type and the indnced decomposition of V. 


Vi 

type of basis 

induced dec. of V 

1 

to 

(A 5) 

{A,B) 

B^f] 

inverted (R, A) 

{A,B) 


inverted (R, A) 

(A,B) 


iB,A) 

(B.A) 


{B,C) 

{B,C) 


inverted {C,B) 

{B,C) 


inverted {C,B) 

iB,C) 


{C,B) 

iC,B) 


iC,A) 

{C,A) 

A^rj” 

inverted (R, C) 

{C,A) 


inverted (R, C) 

{C,A) 

{Pd---Pd-i+i)~^C^9 

(AC) 

{A,C) 


We cycle throngh the bases in the above table, starting with the basis in the bottom row, 
jumping to the basis in the top row, and then going down through the rows until we return 
to the basis in the bottom row. For each basis in the sequence, consider the transition matrix 
to the next basis in the sequence. This gives a sequence of transition matrices. Compute 
the product of these transition matrices in the given order. This product is evaluated in two 
ways. On one hand, the product is equal to the identity matrix. On the other hand, each 
factor in the product is computed using Lemmas 113.551113.681113.701 and the dehnition of Z 
in Section 2. Evaluate the resulting equation using Proposition [1223 The result follows. □ 


In Section 34 we use the equation (l83|) to characterize the LR triples. 

We mention some other results involving the scalar 6 from Dehnition 113.711 


Lemma 13.73. We have 

tiiCW^A^) = jP—. (84) 

Proof. We verify the equation on the left in fl8T|) . Let {ui}f^Q denote an (R, Cj-basis of 
V, such that Uq = rj. Let S denote the matrix in Matd+i(F) that represents with 

respect to ^ raises the (R, Cj-decomposition of V. Therefore C^Ui = 0 

for 1 < i < d. By Lemma [13.651 and Dehnition 113.711 




Or] 

aaa'^a'fi 
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By these comments S has (0, 0)-entry 9/ {adCt'^a'^) and all other entries zero. We have verified 
the equation on the left in flM|) . The other equation is similarity verified. □ 

Lemma 13.74. For 0 < i < d, the trace of E'^_^EiE'^_-E[Eci-iE" is 

Fd-i+i Fd--- Fd-i+i Fd • • • Fd-i+i 

and the trace of Ed-iE[E'f_^EiE'^_^E" is 

1 • • • F'i Fi • • • f'I 

9 ifd--- ipd-i+i Fd--- Fd-i+i Fd ■ ■ ■ F'Li+i' 

Proof. We verify the first assertion. In the product E'^_^EiE'f_^E[Ed-iE" , evaluate each 
factor using Lemma ri3.251 and simplify the result using Lemma [1323] along with the meaning 
of the parameter array. The first assertion follows after a brief computation. The second 
assertion is similarly verified. □ 

Corollary 13.75. The trace of E'^EoE'^E^EdE^ is 9. The trace of EdEQE'fEoE'j^E'f is 9~^. 

Proof. Set z = 0 in Lemma [13.741 □ 


14 How the parameter array, trace data, and Toeplitz 
data are related, I 


Throughout this section and the next, let V denote a vector space over F with dimension 
d + 1. Fix an LR triple A, R, C on V. We consider how its parameter array (1441) . trace data 
fl50|l . and Toeplitz data fl54|) are related. 

Recall Definition 113.381 Let {ui}f^Q denote a basis for V of type t] = {A,C). Let C'^ G 
Matrf+i(F) represent C with respect to {ui}f^Q. The entries of C'^ are given in Proposition 
113.391 row (A, C) of the table. Let {ni}f=o denote a compatible basis for V of type jj = (A, B). 
Let C** G Matd+i(F) represent C with respect to {vi}f^Q. The entries of C'^ are given in 
Proposition 113.391 row {A,B) of the table. By Definition I13.44lf ii). T' is the transition 
matrix from {ui}f^Q to {vi}f^Q. By linear algebra, 


Consequently 


Proposition 14.1. 


C^T' = T'CK 

(85) 

{T')-^c'^r = cK 

(86) 

< d, 



(87) 

+ C^l/^oVi+l = O^ofdip'i + 

(88) 

aoPip'i + aiPop'i+i = 

(89) 
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Proof. We verify the equation on the left in fl87|l . In the equation fl86|l . compute the {d — 
i,d — i)-entry of each side, and evaluate the result using Proposition 113.391 and Dehnition 
113.441 This yields the equation on the left in fl87|) . To hnish the proof, apply this equation 
to the relatives of A, B, C. □ 

We mention some variations on Proposition 114.11 

Corollary 14.2. For 0 < i < d, 


flO + + ■ ■ ■ + = fdiP” = /dlVi) 

OqP a[ + ■ ■■ + a'^_i = iSfipi = 
a'o' + a'l + ■ ■■ + a'j_j = 

Proof. To verify each equation, evaluate the sum on the left using Proposition 114.11 and 
simplify the result using Lemma 113.461 □ 

Corollary 14.3. For 0 < i < d, 

0>d + fld-1 + • • • + 0,d-i = 

a'd + +-^ ^'d-i = “iVi+i = 

a'd + Od-i -^ = cx'iPi+i- 

Proof. To verify each equation, evaluate the sum on the left using Proposition 114.11 and 
simplify the result using Lemma 113.461 □ 


Corollary 14.4. We have 

ao = (dWd = f^Wd^ a'o = f^iPd = fdiPd, < = Pw’d = P'lPd, 

ad = = a'lV'i) <^'d = = «'Wi- 


Proof. Set i = dm. Corollarv 114.21 and i 

= 0 in Corollarv 114.31 

□ 

Corollary 14.5. For 1 < i < d, 



oi a'l a” 

A 

(90) 

Pi P'i Pi 

Pi P'i P"i 


Proof. Use Corollaries 114.21114.31 


□ 

Proposition 14.6. For 1 < i < d, 




+ Oi'if 3 [(pi + 02/^09^ j+i, 

Pd-i+l 

—— - = Otol^2P'i-l + + “' 2/^0 ^i+1) 

— = (y.Ql32P>'l_i + aijdiip'l + a2(ioP>”j^i 
Pd-i+i 
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and also 


'^o/^2‘^i-l + + '^2/^o¥’i+l- 

Proof. We verify the last equation in the proposition statement. In the equation flSB]) . com¬ 
pute the {d — i,d — i + l)-entry of each side, and evaluate the result using Proposition 113.391 
and Definition 113.441 This yields the last equation in the proposition statement. To finish 
the proof, apply this equation to the relatives of A, S, (7. □ 

Proposition 14.7. For 3 < r < d + 1 and 0<i<d — r + 1, 


Pd-i+l 

Pi 

Pd-i+l 

P'i 

Pd—i+1 


0 

0 

0 


<^oP'rPi + Oi'lf^r-iPi+l + ' ' 
“o/^rVi + + ■ ■ 

(^oPrPi + OiiPr-lPi+l + • • 


-r 

■ -1- a"/3oVi+r) 
' + ttr/^O^^r+r 


and also 


0 — aQfd'fpi -f • -1- a'lid'fpi+ri 

0 = ao^rp'i + ai^r-ip'i+i H-h arl3op[+r^ 

0 = otQfdlp" + + -h a'^ldQp"^.^. 

Proof. We verify the last equation in the proposition statement. In the equation fl86|) . com¬ 
pute the (d — i — — i)-entry of each side, and evaluate the result using Proposition 

113.391 and Dehnition 113.441 This yields the last equation in the proposition statement. To 
finish the proof, apply this equation to the relatives of A, B, C. □ 


15 How the parameter array, trace data, and Toeplitz 
data are related, II 

We continue to discuss our LR triple A^B^C on V, with parameter array (1441) . trace data 
dSOl), and Toeplitz data fl54p . In the previous section we found a relationship among these 
scalars, using the equation fl86p . In the present section we describe this relationship from 
the point of view of flHsp . 

Proposition 15.1. For 1 < i < d and 0 < j < d — i, 

P'i+l 

-^ ^Wd-j + “i+Wi = 

Pd-j 

= a''+.4='+,«. 

Pd-j 

^^?H“1 / // // 

-^ Oii'^d-j + <^i+lPj = W+Wj+j+l 

Pd-j 
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and also 


'_l_l 

a"_i—^-^ 

^d-j 

^i+i I // I / / 

tti-i—-1" oiiOd-j + 

Vd-j 

^'i+l 

= tti+iV^r+i+i- 

yd-j 

Proof. We verify the last equation in the proposition statement. In the equation fl85|) . com¬ 
pute the {d — i — j,d — j)-entry of each side, and evaluate the result using Proposition 113.391 
and Dehnition 113.441 This yields the last equation of the proposition statement. To hnish 
the proof, apply this equation to the p-relatives of A, B, C. □ 

We point out some special cases of Proposition 115.11 


Corollary 15.2. For 1 < i < d — 1, 


/ Pd-i+l 

O'i-i -;— 


+ + Ol'i+lPd-i — 0, 

a'-Oi = 0, 

-f- aia[ -f = 0 


and also 


a 


i—1 


a^-i- 


Pd-i+i 

2+1 


Pi 


/ Pd-i+1 

W-1 


Pi 


+ a^ai + a^_^i(pd-i — 0 , 
-|- aio'- -f = 0, 

a[ai + = 0. 


Proof. In Proposition 115.11 assume i < d — 1 and j = d — i. 


□ 


Corollary 15.3. For 1 < i < d — 1, 


1 1 1/ 1 

Oj-l— + Q-iCld = <^i+lPi+li 
Pd 

<rLA + 

Pd 

P\ I n 

Oii-1— + Oiia^ = 

Pd 


// P'l , „ / 

Q!j_i— Oj 
r d 

P^ I // 
Oii-l—TJ + OiiO^d 

Pd 

a[_i— + Oi[ad 

Pd 


^i+lPi+li 

^i+lPi+V 


Proof. In Proposition 115. ll assume i < d — 1 and j = 0. 


□ 
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Corollary 15.4. For d > 1 


— 0) 
Fd 

n Fl , n ! _ PI 

^d-l— + — 0) 

Fd 




Oi-d-i -1" — 0, 

Fd 

Fl I n _ PI 

o^d-i—f] + oidCi^ — 0, 

Fd 


Proof. In Proposition 1 15.1 1 assume i = d and j = 0. 
Proposition 15.5. For 1 <i < d and 0 < j < d — 


Fi 

dd-i—r 

Fd 

Fd 


a 


d-l' 


and also 


cp , . 

+ l^'iOHj + /3'_pp(prf_j + i = 

Fj+1 

A"_i—^ + P'faj + 

Fj+i 

+ f^i+iFd-j+i = A+i9^d-i-i 

Fj+I 


A"_1—^ + fd'fa'j + (d'f^i^Pd-j+i - 


+ PiO-j + A+lV^d-i+l — f^i+lP'd-i-j^ 

Fj+i 
Fd-j 


Fj+i 

Proof. Apply Proposition 115. ll to the LR triple A, B, C. 
Corollary 15.6. For 1 < i < d — 1, 

-^ l^ia'd-i + P'i+iFi+i = 0, 


A"- 


^p'Li+i 

F'l 

Fd—i+1 

if. 


1" 


+ f^i^d-i + f^i^ip'i+i — 0, 


and also 


Pi-l— - 1 " f^i(^'d-i + Pi+ip'i+i — 0 

Fd-i+i 


-h fdia'^_i + /3'+p(pi+i — 0, 

Fd-i+i 

A-i—;r-^ A«d-i + f^i+iFi+i = 0, 

Fd-i+l 

—— -^ f^'i^d-i + (d'ij^iFi+i = 0. 

Fd-i+l 


+ 

+ Oi'd^d 


















□ 


Proof. In Proposition 115.51 assnme i < d — 1 and j = d — i. 

Corollary 15.7. For 1 < i < d — 1, 


' 1 O' 

;-l n ^ Pi^O ~ Pi+lPd-iy 

on Pd 1 on ! on 

Pi-1 , + Pi Oq ~ Pi+lPd-i-, 

Pi 

Pi 

'/ Pd 1 nil on ,j 

;-i -^ Pj Oq — Pj+i<Pd-0 

A-1^ + A«0 = l^i+ip'd-i: 

Pi 

Pi 

Pd \ a ! a n 

'.-i~r + P*®o “ Pi+iPd-ii 

Pi 

Pi 


Proof. In Proposition 115.51 assnme i <d — 1 and j = 0. 

Corollary 15.8. For d>l, 

= 0) = 0, = 0, 
Pi Pi Pi 

+ Id'faQ = 0 , fdd-i^ + (ddai = 0 , (d'd-i — + = 0 . 

Pi Pi Pi 

Proof. In Proposition 115.51 assnme i = d and j = 0. 


□ 


□ 


We have displayed many eqnations relating the parameter array fj44l) . trace data ((50]), and 
Toeplitz data fl54p . From these eqnations it is apparent that we can improve on Proposition 
113.401 We now give some resnlts in this direction. To avoid trivialities we assnme d > 1. 


Proposition 15.9. Assume d> 1. Then the LR triple A,B,C is uniquely determined up 
to isomorphism by its parameter array along with any one of the following 12 scalars: 


^0? ^0’ ^0’ ^d': ^d"! ^1? /^l; /^1 * 

Proof. Use Proposition 113.401 along with flFH) . Proposition 114. ll and Corollary 114.41 □ 

In onr discnssion going forward, among the scalars (1^ we will pnt the emphasis on Oi. We 
call Oi the first Toeplitz number of the LR triple A, B, C. 

Lemma 15.10. Assume d> 1. For the LR triple A,B,C let IK denote a subfield of¥ that 
contains the scalars (I44|) and the first Toeplitz number Oi. Then there exists an LR triple 
over IK that has parameter array 0441) and first Toeplitz number ai. 

Proof. Represent A, B, C by matrices, using the first row in the table of Proposition 113.391 
For the resulting three matrices each entry is in IK. So each matrix represents a IK-linear 
transformation of a vector space over IK. The resulting three IK-linear transformations form 
an LR triple over IK that has parameter array fl44|) and hrst Toeplitz number ai. □ 

Lemma 15.11. For the LR triple A,B,C the following are equivalent: 

(i) (pi = (p'. = if'l forl<i< d; 

(ii) the p-relatives of A^B^C are mutually isomorphic; 
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(iii) the n-relatives of A, B,C are mutually isomorphic. 

Assume that (i)-(iii) hold. Then for 0 < i < d, 

ai = a[ = a", ai = a[ = a", A = /?' = (3”. (92) 


Proof. Assume d > 1] otherwise (i)-(iii) and fl9^ all hold. 

(i) (ii) We have ai = a[ = a" by Corollary 114.51 The result follows by Proposition 115.91 
along with Lemmas 113.91113.131 and Definition 113.141 

(ii) ^ (i) By Lemmas 113.91113.131 and Definition 113.141 
(i) -v^ (iii) Similar to the proof of (i) ^4 (ii) above. 

Assume that (i)-(iii) hold. Then fl9^ holds by Lemmas 113.361113.371113.491113.511 □ 

We now compute the Toeplitz data (|54|l in terms of the parameter array (1441) and any scalar 
from (|^ . We will focus on 


Proposition 15.12. Ford > 1 the following (i), (ii) hold. 

(i) The sequence {ai}f^Q is computed as follows: Oq = 1 ai is from Corollary\lf.f 


Moreover 


CX-i+l — 


aiajip'i + aj-iipi 
Ti+i 




(1 < i < d - 1). 


(93) 


(ii) The sequence {(3i}f^Q is computed as follows: (do = 1 and (3i is from Corollary \i 4.4 
Moreover 


A+i — 


AAy’d + A-Wd(7’i) 

Td-i 




{l<i<d-l). 


(94) 


Proof, (i) We verify fl93|l . Consider the displayed equation in Corollary 115.31 trow 3, column 
1). In this equation solve for Oj+i, and eliminate using the equation a'^ = aiip'( from 
Corollary 114.41 

(ii) Similar to the proof of (i) above. □ 

We now give some more ways to compute {ai}f^o {/3j})Cg. 

Proposition 15.13. Ford > 1 the following (i), (ii) hold. 

(i) The sequence {ai}f^o computed as follows: Uq = 1 and oi is from Corollary \ 14.4 ’ 
Moreover 

tti+i =- r, - (l<*<d-l). (95) 

Td-i 


(ii) The sequence {/9j})hg is computed as follows: (do = 1 and (di is from Corollary \14-4 
Moreover 


A+i — 


(di(di{^'l+i - ^ 

t'U\ 


(l<z<d-l). (96) 
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Proof, (i) We verify ([95]). Consider the displayed equation in Corollary 115.21 (row 3). In this 
equation solve for «*+!, and eliminate a' using the equation a' = from 

Proposition 114.11 

(ii) Similar to the proof of (i) above. □ 

Proposition 15.14. For d > 1 the following (i)-(iv) hold: 

(i) for 1 < i < d — 1, 


( P'[ 

1- rr- 

\ pI+i 


P'd-i+l \ 
Pd-i ) 


O-i-l 


Pi 

P'dPi+l 


^Wd-i)' 


(ii) aiad(Pi = 

(hi) for 1 < i < d — 1, 


/diA 1- 


p"d 

p'd-i 


Pi 

Pi+i 


A-i 


Pd 


PlPd-^ 


+ 






(iv) f3il3d(Pd = -f3d-i^d/p'i- 

Proof, (i) Subtract fl95|) from fl9^ and simplify the result. 

(ii) In the displayed equation of Corollary 115.41 (row 1, column 3) eliminate a'^ using the 
equation a'd = ai(p" from Corollary 114.41 

(hi), (iv) Similar to the proof of (i), (ii) above. □ 

Note 15.15. Referring to Proposition 115.91 if we replace the LR triple A,B,C by the LR 
triple —A, —B, —C then the parameter array is unchanged, and each scalar in fl9T]) is replaced 
by its opposite. So in general, the LR triple A, B, C is not determined up to isomorphism 
by its parameter array. 

Referring to Proposition 115.91 and in light of Note ll5.T^ we now consider the extent to which 
af is determined by the parameter array fl44|) . 

Lemma 15.16. Ford > 1 the scalar al is related to the parameter array fl44|) in the following 
way. 


(i) Assume d = 1. Then 


a 


2 

1 


Pi 

P'lPi 


(ii) Assume d = 2. Then ai = 0 or 


a 


2 

1 


Pi + P2 

vWl 


(97) 


(98) 
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(iii) Assume d>2. Then 


^ = .1^1. 4. fll. 

T2 Td-i) Td-iT'i T'iTd 


Moreover for 1 <i < d, 


tti 


Td n n , T'I n 

Ti—1 Ti //Ti+1 

Y2 


Td-i 


Ti _ Td Ti-i _ Ti Ti+i 
T'd-i+i Td-i T'i T2 Td 


(99) 


( 100 ) 


Proof, (i), (ii) Compute the eigenvalues of the matrix fl7T]) . 

(iii) Using Proposition 115.121 solve for 02 , fd 2 in terms of ai and the parameter array (jS]). 
To obtain fl9^ . use the above solutions and (^2 = c^i — 0 : 2 - To obtain fllOOl) . use the above 
solutions and the third displayed equation in Proposition 114.61 □ 

Referring to Lemma fl5.16f iiil. it sometimes happens that in each equation fl99|l . fllOOp the 
coefficient of af is zero. We illustrate with two examples. 

Definition 15.17. The LR triple A, B,C is said to have Weyl type whenever the LR pairs 
A, B and B, C and C, A all have Weyl type, in the sense of Dehnition 14.31 In this case, 
p = d + 1 is prime and Char(F) = p. Moreover 

AB- BA = J, BC -CB = /, CA-AC = J, (101) 

Pi = p' = p'' = i (1 < * < d). (102) 

Lemma 15.18. Assume that the LR triple A,B,C has Weyl type. Then each p-relative of 
A, B, C has Weyl type. 

Proof. By Lemma [15.111 and fll02p . □ 

Lemma 15.19. Assume that d> 2 and A, B, C has Weyl type. Then in each of ([99]), (11001) 
the coefficient of af is zero. Moreover the right-hand side is zero. 

Proof. This is readily checked using fll02|) . □ 

Assume that A,B,C has Weyl type. Then equations (|99|), fllOOl) give no information about 
oi. To compute oi we use the following result. 

Lemma 15.20. Assume that A, B, C has Weyl type. Then 

A + B + C = aj. (103) 

Proof. Represent A, B,C hy matrices, using for example the hrst row in the table of Propo¬ 
sition [T3i39l By Proposition 114.11 we have a* = ai for 0 < i < d. □ 

Lemma 15.21. Assume that A,B,C has Weyl type. Then ai = 1 if d = 1, and ai = 0 if 
d > 2. 
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Proof. Recall from Definition 1 15.1 71 1hat p = d + 1 is prime and Char(F) = p. First assume 
that d = 1. Then by Lemma [15.161 11 and since Char(F) = 2, we obtain af = 1. Again using 
Char(F) = 2 we hnd cti = 1. Next assume that d>2. By Lemma [15.201 C — ail = —A — B. 
On one hand, the pair B, C is an LR pair on V, so C is Nil by Lemma 13.31 On the other 
hand, by Lemma [4.81 the pair B, — A — R is an LR pair on V, so —A — B is Nil by Lemma 
13.31 By these comments, both C and C — ail are Nil. Considering their eigenvalues we 
obtain ai = 0. □ 


Lemma 15.22. Assume that d>2 and A,B,C has Weyl type. Then 

Also a 2 i+i = 0 and /d 2 i+i = 0 for 0 < i < d/2. 

Proof. Use Proposition 115.121 and Lemma 115.211 □ 


Proposition 15.23. The following are equivalent: 


{i) p = d + 1 is prime and Char(F) = p; 

(ii) there exists an LR triple A, R, C over F that has diameter d and Weyl type. 

Assume that (i), (ii) hold. Then A,B,C is unique up to isomorphism. 

Proof, (i) (ii) By Lemma 14.61 there exists an LR pair A, B over F that has diameter d 
and Weyl type. Dehne C = I — A — B ii d = 1, and C = —A — B ii d > 2. For <7 = 1 one 
routinely verifies that A, R, C is an LR triple of Weyl type. Assume that d > 2. By Lemma 
14.81 and Definition 115.171 the sequence A,B,C is an LR triple of Weyl type. 

(ii) ^ (i) By Definition 115.171 

Assume that (i), (ii) hold. The LR triple A, R, C is unique up to isomorphism by Proposition 
115.91 line fll02p . and Lemma [15.211 □ 

We continue to discuss our LR triple A, R, C on V, with parameter array (011), trace data 
(|5nil . and Toeplitz data (|5l)l . 

Definition 15.24. Pick a nonzero g G F such that ^ 1. The LR triple A, R, C is said to 
have q-Weyl type whenever the LR pairs A, R and B,C and C, A all have g-Weyl type, in 
the sense of Definition 14.111 In this case d, q or d, —q is standard. Moreover 


gAR — g ^RA 


g - g 


-1 


= /, 


qBC - q-^CB 


-1 


q-q 

-2i 


= /, 


qCA - q-^AC 


q-q 


-1 


Pi = P'i = P” = ^-Q 


{1 < i < d). 


= /, (104) 
(105) 


Lemma 15.25. With reference to Definition \15.24 
Then A,B,C has {—q)-Weyl type. 


assume that A,B,C has q-Weyl type. 


Proof. Use Note 14.121 


□ 
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Lemma 15.26. With reference to Definition \15.24\ assume that A,B^C has q-Weyl type. 
Then each p-relative of A, B,C has q-Weyl type. Moreover each n-relative of A, B,C has 
{q~^)-Weyl type. 


Proof. By Note 14.121 and Definition 113.14[ □ 

Lemma 15.27. With reference to Definition \l 5. 24\ assume that d> 2 and A,B,C has q- 
Weyl type. Then in each of fl9^ . fllOOp the coefficient of o!\ is zero. Moreover the right-hand 
side is zero. 


Proof. This is readily checked. 


□ 


With reference to Definition 115.241 assnme that d > 2 and A, B, C has g-Weyl type. Then 
(1^ . (I loop give no information abont ai. To get some information abont ai we tnrn to 
Lemma 113.581 


Lemma 15.28. With reference to Definition \15. 
Then 


assume that A,B,C has q-Weyl type. 


Ajipx - B/gDd = 


qA-\- q ^B 


q-q 


-1 


Proof. Use fll05p . 

Recall Assnmption 14.171 


(106) 

□ 


Lemma 15.29. With reference to Assumption \4-12 and Definition 15.24, assume that 
A,B,C has q-Weyl type. Then for the element (llOOp the roots of the characteristic poly¬ 
nomial are 


T 


J + l/2 g-i-1/2 


q-q 


-1 


(0<j<d). 


(107) 


Moreover cxi is contained in the list dMI). 


Proof. The first assertion follows from Lemma 14.231 The second assertion follows from 
Lemma fl3.58l and fll05p . □ 

We now consider which valnes of fll07p conld eqnal cxi. 

assume that A,B,C has q-Weyl type. 


Lemma 15.30. With reference to Definition 15 .a 
T hen afiq — q~^)I is equal to each of 

qA + q~^B -\- qC — qABC, 
qB + q~^C 5- qA — qBCA, 
qC + q~^A qB — qCAB, 


q-^A + qB + q-^C - q-^CBA, 
q-^B + qC + q-^A - q-^ACB, 
q-^C + qA + q-^B - q-^BAC. 


Proof. Represent A, B, C by matrices, nsing for example the first row in the table of Propo¬ 
sition [TT391 By Proposition 114.ll we have Oj = aiq‘^^~^^{q — q~^) for 0 < i < d. □ 
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Proposition 15.31. Assume that F is algebraically closed. With reference to Assumption 
ra pick an integer j (0 < j < d) and define 


= 


gi+i/2 g-i-V2 

q-q-' 


(108) 


Then there exists an LR triple over¥ that has diameter d and q-Weyl type, with first Toeplitz 
number oi. This LR triple is uniquely determined up to isomorphism by d, q,j. For this LR 
triple, 


di = 


(_ l )* g -*/2 



-q ^ \ -q^ 
0, -g-i 



A 


(_l)*g*/2 


302 



——q ^ 
0, -q 



(0 < i < d), (109) 

(0 < i < d). (110) 


Proof. By Lemma [4 .181 there exists an LR pair A,Bo\iV that has g-Weyl type. Its parameter 
sequence satishes ipi = 1 — for 1 < z < d. With respect to an {A, i?)-basis of V 

the matrices representing A, B are given as shown in the hrst row of the table in Proposition 
113.391 Dehne C G End(R) such that with respect to the {A, i?)-basis, the matrix representing 
C is given as shown in the hrst row of the table, using a* = Q;ig^®+^(g — q~^) for 0 < z < d 
and (p' = tp'l = (pj for 1 < z < d. We show that A, B, C is an LR triple on V that has g-Weyl 
type. To do this, it suffices to show that B, C and C, A are LR pairs on V that have g-Weyl 
type. We now show that B, C is an LR pair on V that has g-Weyl type. To this end we 
apply Lemma [4. 191 to the pair B, C. From the matrix representions we see that B, C satisfy 
the middle equation in (llOdh . The map B is not invertible, since B is Nil by Lemma 13.31 
We show that C is not invertible. From the matrix representations we obtain 


di{q — q ^)I = qA + q ^B + qC — qABC. (HI) 

Rearranging fill 11) . 

afiq - q-^)I - qA - q-^B = q{l - AB)C. (112) 


By assumption fllOSp along with Dehnition 14 .21 1 and Lemma [4.231 ai{q — q~^) is an eigenvalue 
for qA + q~^B . So in the equation (1112p the expression on the left is not invertible. Therefore 
{1—AB)C is not invertible. Note that I—AB is diagonalizable with eigenvalues 
Moreover 1 — (fi+i = A 0 0 < z < d. Therefore I — AB is invertible. By these 

comments C is not invertible. Applying Lemma [4.191 to the pair B,C we hnd that B,C is 
an LR pair on V that has g-Weyl type. One similarly shows that C, A is an LR pair on 
V that has g-Weyl type. Now by Dehnition 115.241 the triple A,B,C is an LR triple on V 
that has g-Weyl type. Comparing fillip with the hrst expression in the display of Lemma 
115.301 we see that A,B,C has hrst Toeplitz number ai. We have displayed an LR triple 
over F that has diameter d and g-Weyl type, with hrst Toeplitz number ai. This LR triple 
is unique up to isomorphism by Proposition 115.91 and line fllOSp . To obtain fll09p use the 
eigenvector assertion in Lemma [4.201 along with Lemma [13.591 To obtain flllOp . apply fll09p 
to any n-relative of A, B,C and use Lemma 115.261 □ 
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16 Bipartite LR triples 

Throughout this section the following notation is in effect. Let V denote a vector space over 
F with dimension d + 1. Let A, B, C denote an LR triple on V, with parameter array fHTl) . 
idempotent data fHHj) . trace data fISOl) . and Toeplitz data flSTl) . We describe a condition on 
A, B, C called bipartite. 

Definition 16.1. The LR triple A, B, C is called bipartite whenever each of a*, a', a" is zero 
for 0 < i < d. 

Lemma 16.2. If A,B,C is trivial then it is bipartite. 

Proof. Set d = 0 in Lemma [13.341 to see that each of Oq, Oq, Og is zero. □ 

Lemma 16.3. Assume that A^B,C is bipartite (resp. nonbipartite). Then each relative of 
A,B,C is bipartite (resp. nonbipartite). 

Proof Use Lemmas 113.361113.371 □ 

Lemma 16.4. Assume that A,B,C is bipartite (resp. nonbipartite). Let a,/9,7 denote 
nonzero scalars in F. Then the LR triple aA, flB^'^C is bipartite (resp. nonbipartite). 

Proof. Use Lemma [13.351 □ 

Lemma 16.5. Assume that A,B,C is nonbipartite. Then d > 1. Moreover each of 

Oi, <, /3i, /3" (113) 


is nonzero. 

Proof. We have d > 1 by Lemma [16.21 We show ai ^ 0. Suppose ai = 0. By Corollary 114.51 
we obtain = 0 and a" = 0. Observe that (3i = —Oi = 0. Similarly = 0 and (3'f = 0. 
Now by Proposition 114.II each of Oj, a', a" is zero for 0 < i < d. Now A, R, C is bipartite, for 
a contradiction. We have shown that oi 7 ^ 0; by Lemma [16.31 the other scalars in (I113p are 
nonzero. □ 


Lemma 16.6. Assume that A, B, C is bipartite. Then d is even. Moreover for 0 < i < d, 
each of 




Oj, Oj, /3j, 


A', 


A 


(114) 


is zero if i is odd and nonzero if i is even. 

Proof. We claim that is zero if i is odd and nonzero if i is even. We prove the claim by 
induction on i. The claim holds for i = 0, since ckq = 1. The claim holds for i = 1, since 
cxi = 0 by Corollary 114.41 and our assumption that A, B, C is bipartite. The claim holds for 
2 < i < d by Proposition I15.12f i) and induction. The claim is proven. By Lemma 116.31 the 
other scalars in flll4p are zero if i is odd and nonzero if i is even. The diameter d must be 
even by the first assertion of Lemma 113.621 □ 
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As we continue to discuss LR triples, we will often treat the bipartite and nonbipartite cases 
separately. For the next few results, we consider the nonbipartite case. 

Lemma 16.7. Assume that A, R, C is nonbipartite. Then for Q <i < d, 


O^i 

al 


a 


a 


(a[y 


K)*' 


A 

A 


Ji 

m 


A 




Proof. By Lemma [13.631 and Corollary 114.51 


(116) 


□ 


Lemma 16.8. Assume that A,B,C is nonbipartite. Let tt,/3,7 denote nonzero scalars in 
F. Then the following are equivalent: 


(i) the LR triples A,B,C and aA, jdB^'^C are isomorphic; 


(ii) a = /3 = 7 = 1 . 

Proof. Use Lemma [13.481 □ 

We turn our attention to bipartite LR triples. 

Lemma 16.9. Assume that A, R, C is bipartite and nontrivial. Then 

(i) «!, a'/ and /3i, are all zero; 

(ii) 0 ( 2 , 0 ( 2 , 02 / 32 ,/d 2)/^2 nonzero; 

(hi) We have 


A = -«2, 


f^2 ~ ®2i 


on _ 

P2 — <^2 


(116) 


Proof, (i), (ii) By Lemma [16.61 

(iii) From above Lemma 112.51 □ 

Lemma 16.10. A bipartite LR triple is uniquely determined up to isomorphism by its pa¬ 
rameter array. 

Proof. By Proposition 113.401 and Definition 116.11 □ 

Lemma 16.11. Assume that A,B,C is bipartite. Let a ,/?,7 denote nonzero scalars in F. 
Then the following are equivalent: 

(i) the LR triples A,B,C and aA, jdB^'^C are isomorphic; 

(ii) a = p = { 1 ,- 1 }. 

Proof. Use Lemmas 113.81116.101 □ 

Lemma 16.12. Assume that A,B,C is bipartite, so that d = 2m is even. 
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( 117 ) 


(i) The following subspaces are equal: 


Y^EyV, 

j=0 j=0 j=0 

(ii) The following subspaces are equal: 

m—1 m—1 m—1 

j=0 j=0 j=0 


(118) 


(iii) Let Kut and Ifn denote the common values of (IllTh and (IllSp . respectively. Then 


V = Kut + V^in 


(direct sum). 


(119) 


(iv) Id^e have 


dim(V;ut) = m + 1, 


dim(Vin) = m. 


( 120 ) 


Proof, (i) Denote the sequence in flll7p by U, U', U". We show U' = U. The sequence 
{EiV })Lq is the (A, i?)-decomposition of V. Therefore {i?rf_W}f=o is the {B, y4)-decomposition 
of V. The sequence {ElV}f^Q is the {B, C')-decomposition of V. Let {ui}f^Q denote a {B, A)- 
basis for V. Let {vi}f^Q denote a compatible {B, C)-basis for V. Thus for 0 < i < d, Ui 
(resp. Vi) is a basis for E^-iV (resp. E^V). Consequently {u 2 j}JLo {v 2 j}jLo are bases 
for U and U', respectively. The matrix T" from Dehnition I13.44f iiii is the transition matrix 
from {ui}f^Q to {vi\f^Q. By construction T" is upper triangular with (b'r)-entry a"_i for 
0 < i < r < d. By Lemma [T6]6] the scalars a'/, cxg,..., are zero. So the (i, r)-entry of T" 
is zero if r — i is odd (0 < f < r < d). By these comments V 2 j G U for 0 < j < m. Therefore 
U' C U. In this inclusion each side has dimension m + 1, so U' = U. One similarly shows 
that U" = U'. 

(ii) Similar to the proof of (i) above. 

(iii) , (iv) The sequence is a decomposition of V. □ 

Definition 16.13. Referring to Lemma fib. 121 and following Dehnition 18.61 we call Wut (resp. 
Idn) the outer part (resp. inner part) of V with respect to A, B, C. 


Lemma 16.14. Assume that A,B^C is bipartite. Then Wut 7 ^ 0 and Vin 7 ^ V. Moreover 
the following are equivalent: (i) A,B is trivial; (ii) Wut = V; (iii) Idn = 0. 

Proof. By Lemma [8.31 □ 


Lemma 16.15. Assume that A,B,C is bipartite. Then 


Moreover 


AVont — Rim 
AVm'T Rout, 


A'^Vout ^ R)ut, 
^d'Rn C 


EVout — Rn, 
-BRn ^ R)ut, 


B^Vout R R)ut, 

^^Rn C 


CRout = Rn, 

CRn c 


CVoot C Kut, 

C^Rn R Rn. 
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Proof. Use Lemma [8.51 

Definition 16.16. For notational convenience define 


□ 


ti = 


Pd-i+iPd-i+i 


t' = 


Pd-i+lPd-i+l 


Pi Pi 

for 1 < i < d, and 

to = 0, t'o = 0, to = 0, td+i = 0, 


j.// _ Pd—i+lPd—i+l 

Vl 


^d+l ~ 0) 


f" — n 

^d+i — u- 


The following two lemmas are obtained by routine computation. 


Lemma 16.17. Assume that A,B,C is bipartite. Then the action of A‘^,B‘^,C^ on 14ut is 
an LR triple with diameter m = d/2. For this LR triple, 

(i) the parameter array is 

i{P2,-mAT=T^ {P2 ,-iP 2,}T=V {P2j-lP2,}T=iy^ 

(ii) the idempotent data is 

mAT=o-AEy}T=oi{E'^,}T=oy 

(iii) the trace data is (using the notation of Definition 1 16. 1^1 

{{t2j + t2j+i}]Lo', + ^2i+i}^o); 

(iv) the Toeplitz data is 

{/^2,}r=o; {«2,}r=o, {/92,}r=o; wy}T=o, mT=o)- 

Lemma 16.18. Assume that A, B, C is bipartite and nontrivial. Then the action of A?, B^, 
on Uin is an LR triple with diameter m — 1, where m = d/2. For this LR triple, 

(i) the parameter array is 

{{P2mHi}T=iy {pyp2Hi}T=iy {p'yp'y+i}T=yy 

(ii) the idempotent data is 

(Sir \m-l\ 

ll-C/2i+l|j=0 )i-^2i+lJj=0 )l-^2i+l/j=0 )■> 

(iii) the trace data is (using the notation of Definition 1 16. fR) 

({^2j+l + t2j+2}j=0 i {^2j+l + ^2j+2}j=0 ! {^2^+1 + ^2j+2}j=0 )'^ 











(iv) the Toeplitz data is 


im—1 fn im—1 'im—1 r nf I m—1 r^ff i m—1 f off '\m—l\ 

y{^^jSj=0 ){P2jlj=o ) l®2jlj=0 y{P2jIj=0 )i'^2jlj=0 y{P2jSj=0 )• 


Lemma 16.19. Assume that A,B,C is bipartite, and consider the action of A^,B‘^,C‘^ on 
Kut. 

(i) Assume that A,B,C is trivial. Then so is the action of A^,B'^,C'^ on V^^t. 

(ii) Assume that A,B,C is nontrivial. Then the action of A^,B‘^,C‘^ on is nonbipar- 
tite. 


Proof, (i) By Example 113.31 and Lemma 116.141 

(ii) Evaluate the Toeplitz data in Lemma I16.17l ivi using Lemmas 116.51116.61 □ 

Lemma 16.20. Assume that A, B, C is bipartite and nontrivial. Consider the action of 
A^,B^,C^ on Idn. 


(i) Assume that d = 2. Then the action of A^,B‘^,C‘^ on l^n 'Is trivial. 

(ii) Assume that d> 4. Then the action of , B'^, C'^ on 14n is nonbipartite. 

Proof, (i) By Example 113.31 and Lemma 116.141 

(ii) Evaluate the Toeplitz data in Lemma I16.18l ivi using Lemmas 116.51116.61 
Lemma 16.21. Assume that A, B, C is bipartite and nontrivial. Then for 2 <i < d, 


□ 


Q?2 


0^2 


a '2 


f^2 


A 2 


A 2 


Ti-m Ti-iPi Ti-dfi Ti-m Ti-iPi 

Proof. Apply Corollary 114.51 to the LR triples in Lemmas 116.171116.181 




( 121 ) 


□ 


Lemma 16.22. Assume that A,B,C is bipartite and nontrivial. Then the following (i), (ii) 
hold for 1 < i, j < d. 


(i) Assume that i, j have opposite parity. Then 


02 0^2 “2 /^2 


A 2 




TiPj P'iP'j TiP'j ’ 


TiPj P'iP'j TiPj 


( 122 ) 


(ii) Assume that i,j have the same parity. Then 


Tj P'j P'f 


(123) 


Proof. We have a preliminary remark. For 2 < k < d dehne Xk = a 2 {y:>k-iTk)~^ ^ and note 

that Xk = x'j^ = x'l by Lemma 116.211 

(i) We may assume without loss that i < j. Observe that 

* * * ^j—1 
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By this and the preliminary remark, we obtain the eqnations on the left in fll22p . The 
eqnations on the right in fll22p are similarly obtained. 

(ii) We may assnme withont loss that i < j. Observe that 


^2+2^2H-4 ‘ ‘ * 

^Z+l^^H-3 ‘ ‘ * ^j — 1 

By this and the preliminary remark, we obtain the eqnations fll23p . □ 

Lemma 16.23. Assume that A, B, C is bipartite and nontrivial. Then for 0 < j < d/2, 


a: 


2i 


a 


2j 


a2j 


/?2j 1^2 


2i 






^20 


(124) 


Proof. Apply Lemma 116.71 to the LR triple in Lemma 116.171 This LR triple is nonbipartite 
bv Lemma 116.IQf iiL □ 

Definition 16.24. Assume that A, 5,0 is bipartite. An ordered pair of elements chosen 
from A, B, C form an LR pair; consider the corresponding projector map from Definition 19.11 
By Lemma [16.121 this projector is independent of the choice; denote this common projector 
by J. We call J the projector for A, B,C. 

In Section 9 we discussed in detail the projector map for LR pairs. We now adapt a few 
points to LR triples. 

Lemma 16.25. Assume that A,B,C is bipartite. Then its projector map J is nonzero. If 
A, R, C is trivial then J = I. If A, B, C is nontrivial then J, / are linearly independent over 

F. 

Proof. By Lemma 19.21 and Definition 116.241 □ 

Lemma 16.26. Assume that A,B,C is bipartite. Then its projector map J satisfies 

d/2 d/2 d/2 

j=0 j=0 j=0 

Moreover = J. Also, J commutes with each of Ei, El, E" for 0 < i < d. 

Proof. By Lemma 19.31 and Dehnition 116.241 □ 

Lemma 16.27. Assume that A,B,C is bipartite. Then its projector map J satisfies 

A = AJ + JA, B = BJ + JB, C = CJ + JC. 

Proof. By Lemma 19.9r iiij and Definition 116.241 □ 

Lemma 16.28. Assume that A,B,C is bipartite. With respect to any of the 12 bases (jST])- 
), the matrix representing J is diag(l, 0,1, 0,..., 0,1). 


Proof. By construction and linear algebra. 


□ 



































The following definition is motivated by Definition 18.91 
Definition 16.29. Assume that A, B, C is bipartite. Define 

Aout; Ajn, 5out) Cont, Gn (125) 

in End(D) as follows. The map Aout acts on i4ut as A, and on Idn as zero. The map Ain 
acts on Via as A, and on l^ut as zero. The other maps in fll25p are similarly defined. By 
construction 


A — Aout + Ain, B — Bout + Biu, C — Cont + Ciu- 

Lemma 16.30. Assume that A, B, C is bipartite. Then 

Aont = AJ={I- J)A, Ain = JA = A{I - J), 

Bout = BJ ={I -J)B, Biu = JB = B{I-J), 

Cont = CJ={I- J)C, Ciu = JC = C{I - J). 

Proof. By Lemma [9^ i).(ii) and Dehnition 116.241 

Lemma 16.31. Assume that A,B,C is bipartite. Let 

Q^out, Q?in, /3out, /^in, T^out, Tn 

denote nonzero scalars in F. Then the sequence 

O^outAout T Q?inAin, /^out^^out T /3in.®in) T^outC*out T TnC*in 


□ 


(126) 


(127) 


is a bipartite LR triple on V. 

Proof. By construction. □ 

Our next goal is to obtain the parameter array, idempotent data, and Toeplitz data for the 
LR triple in (I127p . The following definition is for notational convenience. 

Definition 16.32. Adopt the assumptions and notation of Lemma 116.311 For 1 < i < d 
define 


f^ 

h 


^OMtfd in; 
C^in/^out) 


fi /dout'Jini fi O^outCTin 

fi fd'mPont^ fi TnC^out 


Also define 


(if i is even), 
(if i is odd). 


9i = (aoutttin) 9i = (/^outAn) 9i = (7out7in) (A * IS eveu), 

9i = 0, A = 0, 9i =0 (if i is odd). 


Lemma 16.33. Referring to Lemma \16.Sll let the nonzero scalars (I126p be given, and 
consider the LR triple in fll27p . For this LR triple, 



















(i) the parameter array is (using the notation of Definition 1 16. 3^) 




(ii) the idempotent data is equal to the idempotent data for A, B, C; 

(iii) the Toeplitz data is (using the notation of Definition \16. 




Proof, (i) Use Lemma [10.71 

(ii) Similar to the proof of Lemma 113.221 

(iii) Similar to the proof of Lemma 113.481 □ 

Definition 16.34. Assume that A, B, C is bipartite. Let A', B', C denote a bipartite LR 
triple on V. Then A, B, C and A', B', C will be called biassociate whenever there exist 
nonzero scalars a, /9 ,7 in F such that 

A' = aAout + B' = (dBout + -Binj C' = 'yCout + C\n- 

Biassociativity is an equivalence relation. 

Lemma 16.35. Assume that A, B, C is bipartite. Let A', R', C denote a bipartite LR triple 
over F. Then the following are equivalent: 

(i) there exists a bipartite LR triple overW that is biassociate to A,B,C and isomorphic 
to A', B\ C; 

(ii) there exists a bipartite LR triple over F that is isomorphic to A, B,C and biassociate 
to A',B',C'. 

Proof. Similar to the proof of Lemma I1U.31 □ 

Definition 16.36. Assume that A, B, C is bipartite. Let A', B', C denote a bipartite LR 
triple over F. Then A,B,C and A',B',C' will be called bisimilar whenever the equivalent 
conditions (i), (ii) hold in Lemma [16.351 Bisimilarity is an equivalence relation. 


17 Equitable LR triples 

Throughout this section the following notation is in effect. Let V denote a vector space over 
F with dimension d + 1. Let A, B, C denote an LR triple on V, with parameter array fl4T)) . 
idempotent data fl48|) . trace data (l50D . and Toeplitz data fl5T)) . We describe a condition on 
A, R, C called equitable. 

Definition 17.1. The LR triple A,B,C is called equitable whenever Oj = a' = a” for 
Q <i < d. 

Lemma 17.2. //A, R,C is trivial, then it is equitable. 
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Proof. Recall that ao = = aQ = 1. □ 

Lemma 17.3. Assume that A, R, C is equitable. Then (3i = /?' = (3” for <i < d. 

Proof. Refer to Definitions 113.441 113.451 The matrices T, T', T" coincide, so their inverses 
coincide. The result follows. □ 

Lemma 17.4. If A., B,C is equitable, then so are its relatives. 

Proof. By Lemmas 113.49| 113.511117.31 and Definition 117.11 □ 

As we investigate the equitable property, we will treat the bipartite and nonbipartite cases 
separately. We begin with the nonbipartite case. 

Lemma 17.5. Assume that A, B, C is nonbipartite. Then A, B, C is equitable if and only if 

ai = oi'i = Oi'l. 

Proof. By Lemma 116.71 and Definition 117.11 □ 

Lemma 17.6. Assume that A, B, C is nonbipartite and equitable. Then the following hold: 

(i) (pi = (p' = :p'l forl<i< d; 

(ii) ai = a[ = a" = ai{(pd-i+i - (fd-i) forO <i <d. 

Proof, (i) By Corollary 114.51 and Lemma 116.51 

(ii) Use flF7|) and Proposition 114.11 □ 

The following definition is for later use. 

Definition 17.7. Assume that A, B, C is nonbipartite and equitable. Dehne 

= ^ (0<i<d-l). (128) 

^d—i 

Note by Lemma fl7.6i B that p* = p' = p'' for 0 < i < d — 1. 

Lemma 17.8. Assume that A, B, C is nonbipartite and equitable. Then piPd-i-i = 1 for 
0 < i < d — 1. 

Proof. By Definition 117.71 □ 

Lemma 17.9. Assume that A,B,C is nonbipartite. Let o,/9,7 denote nonzero scalars in 
F. Then the following are equivalent: 

(i) the LR triple aA, f3B,'yC is equitable; 

(ii) a/a( = /3/a'( = ^la\. 

Proof. By Lemmas 113.481117.51 □ 

Lemma 17.10. Assume that A,B,C is nonbipartite. Then there exists an equitable LR 
triple on V that is associate to A,B,C. 
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Proof. By Definition 113.101 and Lemma I17.9[ □ 

We turn our attention to bipartite LR triples. 

Lemma 17.11. Assume that A,B,C is bipartite and nontrivial. Then A,B,C is equitable 
if and only if a 2 = a '2 = 

Proof. By Lemmas 116.61116.231 and Definition 117.11 □ 

Lemma 17.12. Assume that A,B,C is bipartite, nontrivial, and equitable. Then ipi-iipi = 
Ti-iP'i = p'l-iP'l for2<i<d. 

Proof. By Lemma [16.91 111 and Lemma [16.211 □ 

Lemma 17.13. Assume that A,B,C is bipartite and equitable. Then the following (i), (ii) 
hold for 0 < i < d. 

(i) For i even, 

TiT 2 ■■■Ti = tW2 = tIt2 ■ ■ ■ 

TdPd-l ■ ■ ■ Td-i+1 = TdPd-l ■ ■ ■ Td-i+1 — TdPd-l ' ' ' Td-i+l' 


(ii) For i odd, 


(P2(P3 ■■■Ti = tWz = tItI ■ ■ ■ p'L 

Td-lTd-2 ■ ■ ■ Td-i+1 = Td-lTd-2 ■ ■ ■ Td-i+1 — Td-lTd-2 ■ ■ ■ Td-i+l- 


Proof. By Lemma 117.121 and since d is even. 


□ 


Lemma 17.14. Assume that A, B, C is bipartite and equitable. Then for 0 < i < d — 1, 

(Pi+i _ ^'i+i 

Td-i P'd-i Td-i Td-i p'd-i Td-i 

Proof. Assume that A, B, C is nontrivial; otherwise there is nothing to prove. Now use 
Lemma I16.22l il with j = d — i + 1. The integers i, j have opposite parity since d is even. □ 


Definition 17.15. Assume that A,B,C is bipartite and equitable. Then for 0 < i < d — 1 
define 


We emphasize that for d>l. 


Ti+i 
Td-i 

P' = ^ 

Td—i 

Ti+1 
P'd-i 


Pi = 


Ti+1 

P'd-i 

Ti+l 

Td-i 

P'i+i 

Td—i 


_Ti _Ti 
Po — — — —1 
Td Td 


Po ~ ~ m 

Td Td 


n _Ti _ P'l 

Po ~ I ~ 

Td Td 


(129) 
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Lemma 17.16. Assume that A, B, C is bipartite and equitable. Then for 0 < i < d — 1, 


PiPd—i—l 1) PiPd—i—l 1) Pi Pd—i—I (130) 

Proof. By Definition 117.151 □ 

Lemma 17.17. Assume that A,B,C is bipartite, nontrivial, and equitable. Then the fol¬ 
lowing (i)-(iii) hold: 

(i) for I < i < d. 



if i is even 

po Po Po 

PiPo = p'ip'o = PiPo 

if i is odd; 


(ii) for 0 <i < d. 


PoPi ■ ■ ■ pi -1 = PoP[ ■ ■ ■ p'i_i = Pop'[ ■ ■ ■ p"_i if i is even, 

Pip 2 ■ ■ ■ Pi -1 = p'ip 2 ■ ■ ■ p'i-i = p'ip'i • • • p'Li if * is odd; 


(iii) for <i < d — 1, 

Po P'o Po 
PiPo = PiPo = Pi Po 


if i is even, 
if i is odd. 


Proof. Use Lemma 116.2^ and Definition 117.151 

Lemma 17.18. Assume that A,B,C is bipartite and equitable. Then: 
(i) the action of A^, B'^,0"^ on Vont is equitable; 


□ 


(ii) for A,B,C nontrivial the action of A^,B‘^,C‘^ on Un is equitable. 

Proof, (i) By Lemma [16.17f iv) and Definition 117.1[ 

(ii) By Lemma ri6.18lf ivi and Definition 117.1[ □ 

Lemma 17.19. Referring to Lemma \16.SR assume that A,B,C is nontrivial, and let the 
nonzero scalars fll26p be given. Then the LR triple fll27p is equitable if and only if 

0^out®in/Q^2 /3out/^in/®2 7out7in/Q^2' (131) 

Proof. By Lemma I16.33f iii) and Definition 117.11 □ 

Lemma 17.20. Assume that A,B,C is bipartite and nontrivial. Then there exists an equi¬ 
table LR triple on V that is biassociate to A,B,C. 

Proof. By Definition 116.341 and Lemma 117.191 □ 

We have a comment about general LR triples, bipartite or not. 

Lemma 17.21. Assume that A,B,C is equitable. Then 

TiT 2 ■■■Td = tW 2 ■■■T'd = TiP'i ■ ■ ■ Td- (132) 

Proof. For A,B,C nonbipartite, the result follows from Lemma 117.61 1). For A,B,C bipar¬ 
tite, the result follows from Lemma 117.13( i) and since d is even. □ 
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18 Normalized LR triples 

Throughout this section the following notation is in effect. Let V denote a vector space 
over F with dimension d + 1. Let A, B, C denote an LR triple on V, with parameter array 
fHT|) . idempotent data fHHjl . trace data fl50l) . and Toeplitz data fl5T|) . We describe a condi¬ 
tion on A, B, C called normalized. The condition is dehned a bit differently in the trivial, 
nonbipartite, and bipartite nontrivial cases. We hrst dispense with the trivial case. 

Definition 18.1. Assume that A, B, C is trivial. Then we declare A, B, C to be normalized. 

Definition 18.2. Assume that A, B, C is nonbipartite. Then A, B, C is called normalized 
whenever 


Oi = 1, = 1, a'l = 1. 

Lemma 18.3. Assume that A, B, C is nonbipartite and normalized. Then A, B, C is equi¬ 
table. 

Proof. By Lemma 117.51 and since Oi = a'^ = a". □ 

Lemma 18.4. Assume that A, B, C is nonbipartite and normalized. Then so are its p- 
relatives. 

Proof. By Definition 113.141 and Lemmas 113.491113.511 □ 

A nonbipartite LR triple can be normalized as follows. 

Lemma 18.5. Assume that A.,B,C is nonbipartite. Let a,/9,7 denote nonzero scalars in 
F. Then the LR triple aA, f3B,'yC is normalized if and only if 

a = (3 = a", 7 = Oi. 

Proof. Use Lemmas I13.4'51116.41 and Dehnition 118.21 □ 

Corollary 18.6. Assume that A,B,C is nonbipartite. Then there exists a unique sequence 
cy,l3,'y of nonzero scalars in F such that aA, f3B,'yC is normalized. 

Proof. By Lemma [18.51 □ 

Corollary 18.7. Assume that A, B, C is nonbipartite. Then A, B, C is associate to a unique 
normalized nonbipartite LR triple over F. 

Proof. By Definition 113.101 Lemma [16.41 and Corollary 118.61 □ 

Lemma 18.8. Assume that A, R, C is nonbipartite and normalized. Then 

A = -1, = -1, Pi = -1. 

Proof. By fl5711 and Definition 118.21 □ 
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Lemma 18.9. Assume that A, B, C is nonbipartite and normalized. Then so is the LR triple 
-C, -B,-A. 


Proof. By Lemma 113.491 (row 4 of the table) along with Lemmas 118.51118.81 □ 

Lemma 18.10. Assume that A,B,C is nonbipartite and normalized. Then A,B,C is 
uniquely determined up to isomorphism by its parameter array. 

Proof. By Proposition 113.401 the LR triple A, B, C is nniqnely determined np to isomorphism 
by its parameter array and trace data. The trace data is determined by the parameter array 
nsing Lemma [17.6l ii) and = 1. The result follows. □ 

We turn our attention to bipartite nontrivial LR triples. 

Definition 18.11. Assume that A,B,C is bipartite and nontrivial. Then A,B,C is called 
normalized whenever 


02 = 1 , (^2 = 1 ) = 1 - 

Lemma 18.12. Assume thatA,B,C is bipartite, nontrivial, and normalized. ThenA,B,C 
is equitable. 

Proof. By Lemma [17.111 and since 02 = ct 2 ~ ^ 2 - ^ 

Lemma 18.13. Assume that A, B,C is bipartite, nontrivial, and normalized. Then so are 
its p-relatives. 

Proof. By Dehnition 113.141 and Lemmas 113.491113.511 □ 

A bipartite nontrivial LR triple can be normalized as follows. 

Lemma 18.14. Referring to Lemma \16.31[ assume that A,B,C is nontrivial, and let the 
nonzero scalars fll26p be given. Then the LR triple fll27p is normalized if and only if 

Q^outO^in 0 ^ 2 ) /3out/3in ®2! ToutTin (^2- 

Proof. Use Lemma ri6.33l iiil and Dehnition 118.111 □ 

Corollary 18.15. Assume that A, B, C is bipartite and nontrivial. Then there exists a 
unique sequence a ,/?,7 of nonzero scalars in F such that 

O^Aout T Ain 5 T Riji) 7^out T C'jq 

is normalized. 

Proof. In Lemma [18.141 set Oin = 1, An = 1, 7in = 1 to see that a = fd = a 2 ^ 7 = 0^2 is 
the unique solution. □ 

Corollary 18.16. Assume that A,B,C is bipartite and nontrivial. Then A,B,C is biasso¬ 
ciate to a unique biparitite normalized LR triple over F. 
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Proof. By Lemma 116.311 Definition 116.341 and Corollary 118.151 □ 

Lemma 18.17. Assume that A,B,C is bipartite, nontrivial, and normalized. Then 

(32 = - 1 , (3'2 = - 1 , (3'f = - 1 . 

Proof. By flll6p and Definition 118.111 □ 

Lemma 18.18. Assume that A,B,C is bipartite, nontrivial, and normalized. Then so is 
the LR triple 


Cout ~ Cin, 


.Bout 33 u 


^out A\, 


Proof. By Lemma 113.491 (row 4 of the table) and Lemmas 118.141118.171 □ 

Lemma 18.19. Assume that A,B,C is bipartite, nontrivial, and normalized. Then: 

(i) the action of A^,B'^,C‘^ on Kut is normalized; 

(ii) the action of A^,B‘^,C‘^ on Idn is normalized. 

Proof, (i) Evalnate the Toeplitz data in Lemma I16.17l( iv) using Lemma I16.19l( ii) and Defi¬ 
nition 118.21 

(ii) For d = 2, the action of A"^, B^, on Vin is trivial and hence normalized. For d > 4, eval¬ 
uate the Toeplitz data in Lemma [16.18f ivi using Lemma [16.20f iii and Definition 118.21 □ 


19 The idempotent centralizers for an LR triple 

Throughout this section the following notation is in effect. Let V denote a vector space over 
F with dimension d -|- 1. Let A, B, C denote an LR triple on V, with parameter array (144)) . 
idempotent data fi48|) . trace data fl50l) . and Toeplitz data fl54D . We discuss a type of element 
in End(R) called an idempotent centralizer. 

Definition 19.1. By an idempotent centralizer ioi A,B,C we mean an element in End(R) 
that commutes with each of Ei, E[, E'f for 0 < i < d. 

Lemma 19.2. For X G End(R) the following are equivalent: 

(i) X is an idempotent centralizer for A, B, C; 

(ii) for 0 <i < d, 

XEiV C EiV, XE'y C E'y, XE'fV C E”V. 

Proof. By Definition 119.11 and linear algebra. □ 

Example 19.3. The identity I G End(R) is an idempotent centralizer for A, B, C. 
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Definition 19.4. Let X denote the set of idempotent centralizers for A, B, C. Note that X 
is a snbalgebra of the F-algebra End(ld). We call X the idempotent centralizer algebra for 
A,B,C. 

Referring to Dehnition 119.41 our next goal is to display a basis for the F-vector space X. 
Recall the projector J from Definition I16.241 

Proposition 19.5. The following (i)-(iii) hold. 

(i) Assume that A, B, C is trivial. Then I is a basis for X. 

(ii) Assume that A, B, C is nonbipartite. Then I is a basis for X. 

(iii) Assume that A, B, C is bipartite and nontrivial. Then I, J is a basis for X. 

Proof, (i) Routine. 

(ii), (iii) Assume that A,B,C is nontrivial. Let the set S consist of I (if A,B,C is nonbi¬ 
partite) and I, J (if A, B, C is bipartite). We show that S' is a basis for X. By Lemma [16.251 
and Lemma 116.261 S is a linearly independent subset of X. We show that S spans X. Let 
{ui}f^Q denote an (A, C')-basis of V, and let {vi}f^Q denote a compatible (A,i?)-basis of V. 
The transition matrix from {ui}f^Q to is the matrix T' from Definition 113.441 The 

matrix T' is upper triangular and Toeplitz, with parameters Let X G X. By Lemma 

119.21 there exist scalars {rjjjSg in F such that Xui = ViUi for Q < i < d. Also by Lemma 
119.21 there exist scalars {si}f^Q in F such that Xvi = SiVi for Q < i < d. Let the matrix 

M G Matd+i(F) represent X with respect to {ui}f^Q. Then M is diagonal with (z,i)-entry 

Tj for 0 < i < d. Let the matrix N G Matrf+i(F) represent X with respect to {vi}f^Q. Then 
N is diagonal with (z,i)-entry s* for 0 < i < d. By linear algebra MT' = T'N. In this 
equation, for 0 < i < d compare the (i,z)-entry of each side, to obtain r* = s*. Until further 
notice assume that A, B, C is nonbipartite. Then aj ^ 0. In the equation MT' = T'N, 
for 1 < i < d compare the {i — l,i)-entry of each side, to obtain rj_i = r*. So r* = ro for 
0 < i < d. Consequently X — r^I vanishes on Ui for 0 < i < d. Therefore X = r^I. Next 
assume that A, B,C is bipartite. Then aj = 0 and 7 ^ 0. In the equation MT' = T'N, 
for 2 < i < d compare the {i — 2,i)-entry of each side, to obtain rj _2 = r,. For 0 < i < d 
we have r* = vq (if i is even) and r* = ri (if i is odd). Consequently X — r^J — ri(J — J) 
vanishes on Ui for 0 < i < d. Therefore X = r^J + ri{I — J). We have shown that the set S 
spans X. The result follows. □ 

We have some comments about Proposition 119. 5f iii). 

Lemma 19.6. Assume that A, B, C is bipartite and nontrivial. Let X denote an idempotent 
centralizer for A, B, C. Then 

(i) XUout X Rout and XRn X Rn,' 

(ii) XJ = JX. 

Proof, (i) By Lemmas 116.121119.21 

(ii) The map J acts on Rjut as the identity, and on Rn as zero. The result follows from this 
and (i) above. □ 
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Definition 19.7. Assume that A, B, C is bipartite and nontrivial. Let X denote an idem- 
potent centralizer for A, B, C. Then X is called outer (resp. inner) whenever X is zero 
on Idn (resp. Kut)- Let Tout (resp. Tin) denote the set of outer (resp. inner) idempotent 
centralizers for A, B, C. Note that Tout and Xjn are ideals in the algebra X. 

Proposition 19.8. Assume that A, B, C is bipartite and nontrivial. Then the following 

(i) -(iii) hold: 

(i) the sum X = Tout + Xjn is direct; 

(ii) J is a basis for Tout; 

(hi) I — J is a basis /or X^. 

Proof. By Dehnitions 19.11 119.71 we find that J G Xout and I — J E X\^. Also Xout H Xi^ = 0 
by Dehnition 119.71 and since the sum V = lAut + Vm is direct. The result follows in view of 
Proposition ll9.5f iiiL □ 

20 The double lowering spaces for an LR triple 

Throughout this section the following notation is in effect. Let V denote a vector space over 
F with dimension d + 1. Let A, B, C denote an LR triple on V, with parameter array (jH]), 
idempotent data fITSD . trace data flSH . and Toeplitz data flS^ . We discuss some subspaces 
of End(R) called the double lowering spaces. 

Definition 20.1. Let denote a decomposition of V. For X 6 End(R), we say that 

X weakly lowers {V)})Lg whenever XV) C Vi_i for 1 < i < d and XVo = 0. 

Definition 20.2. Let A denote the set of elements in End(R) that weakly lower both the 
(A, i?)-decomposition of V and the (A, C')-decomposition of V. The sets B, C are similarly 
defined. Note that A, B, C are subspaces of the F-vector space End(R). We call A^B^C 
the double lowering spaces for the LR triple A, B, C. 

We now describe the F-vector space A; similar results hold for B and C. 

Theorem 20.3. The following (i)-(iii) hold. 

(i) Assume that A,B,C is trivial. Then A = 0. 

(ii) Assume that A, B, C is nonbipartite. Then A is a basis for A. Moreover A has dimen¬ 
sion 1. 

(ii) Assume that A^B,C is bipartite and nontrivial. Then Aout, Ajn form a basis for A. 
Moreover A has dimension 2. 

Proof, (i) A is zero on EqV, and EqV = V. 

(ii) , (hi) Assume that A,B,C is nontrivial. Let the set S consist of A (if A,B,C is nonbi¬ 
partite) and Aout, Ain (if A, B, C is bipartite). We show that S' is a basis for A. By Lemma 
18.101 and the construction, S is a linearly independent subset of A. We show that S spans 
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A. Let {Mi}f=o denote an (A, C)-basis of V, and let denote a compatible (A, i?)-basis 

of V. The transition matrix from {ui}f^Q to {vi}f^Q is the matrix T' from Dehnition 113.441 
The matrix T' is upper triangular and Toeplitz, with parameters Let X ^ A. The 

map X weakly lowers the {A, C)-decomposition of V, so there exist scalars {ri}f^^ in F such 
that Xui = TiUi-i for 1 < i < d and Xuq = 0. The map X weakly lowers the {A, B)- 
decomposition of V, so there exist scalars in F such that Xvi = SjUj-i for 1 < i < d 

and Xvq = 0. Let the matrix M G Matd+i(F) represent X with respect to {ui}f^Q. Then M 
has {i — l,i)-entry r* for 1 < i < d, and all other entries 0. Let the matrix N G Matd+i(F) 
represent X with respect to {vi}f^Q. Then N has {i — l,i)-entry Sj for 1 < i < d, and all 
other entries 0. By linear algebra MT' = T'N. In this equation, for 1 < i < d compare the 
(z — l,z)-entry of each side, to obtain r* = Sj. Until further notice assume that A,B,C is 
nonbipartite. Then a[ ^ 0. In the equation MT' = T'N, for 1 < z < d — 1 compare the 
(z — 1, z + l)-entry of each side, to obtain ri = rj+i. So = ri for 1 < z < d. By construction 
Aui = zzj_i for 1 < z < d and Auq = 0. By these comments X — riA vanishes on zzj for 
0 < z < d. Therefore X = riA. Next assume that A, B, C is bipartite. Then a'^ = 0 and 
a '2 7 ^ 0. In the equation MT' = T'N, for 2 < z < d — 1 compare the (z — 2, z + l)-entry of 
each side, to obtain rj_i = rj+i. For 1 < z < d we have r* = r 2 (if z is even) and r* = ri (if 
z is odd). For 0 < z < d dehne Si to be 0 (if z is even) and 1 (if z is odd). By construction 
^out^i = (1 — ei)ui_i for 1 < z < d and ^out^o = 0 . Also by construction Ai^Ui = SiUi^i 
for 1 < z < d and A^-^uq = 0. By the above comments X — riAjn — r 2 Aout vanishes on zzj 
for 0 < z < d. Therefore X = riAj^ + r 2 Aout- We have shown that the set S spans A. The 
result follows. □ 


21 The unipotent maps for an LR triple 

Throughout this section the following notation is in effect. Let V denote a vector space over 
F with dimension d + 1. Let A, B, C denote an LR triple on V, with parameter array (jH]), 
idempotent data fHHl) . trace data flSOD . and Toeplitz data fl5T)) . Using A, B, C we dehne three 
elements A, B, C in End(U) called the unipotent maps. This name is motivated by Lemma 
Em below. 

Definition 21.1. Dehne 

d d d 

K = Y.E,.,EI B = C = 5; 

i =0 i =0 ^=0 

We call A, B, C the unipotent maps for A, B, C. 

Lemma 21.2. Assume that A, B, C is trivial. Then A = B = C = /. 

Proof. For d = 0 we have Eq = E'q = E'f = I . □ 

Lemma 21.3. The maps A, B, C are invertible. Their inverses are 

A-'= »■' = E = Y, 

i =0 i =0 i =0 


99 






Proof. Concerning A and nsing Lemma 113.281 


d d d 

A ^ = Y.^, = I. 

i=o j=o j=o 

Lemma 21.4. For Q <i < d, 

AE'f = E,_,A, ME, = CE' = E'l^C. 

Proof. These eqnations are verified by evalnating each side using Definition 121.11 
Lemma 21.5. For 0 < i < d, 

AE'fV = Ed-iV, ME,V = E',_,V, CE'V = E'l,V. 

Proof. Use Lemmas 121.31121.41 
Lemma 21.6. The following (i)-(iii) hold: 

(i) A sends the {A^C)-decomposition of V to the {A, B)-decomposition ofV; 

(ii) B sends the {B, A)-decomposition of V to the {B^C)-decomposition ofV; 

(iii) C sends the {C, B)-decomposition ofV to the {C, A)-decomposition ofV. 
Proof. This is a reformulation of Lemma 121.51 

We now consider how the maps A, B, C act on the three flags fj45ll . 

Lemma 21.7. The following (i)-(iii) hold: 

(i) A fixes sends 

(ii) B fixes {B‘^~^V}f^Q and sends {A‘^~'^V}f^Q to 

(iii) C fixes and sends 

Proof. By Lemmas 113.151121.61 

We now consider how the maps A, B, C act on some bases for V. 

Lemma 21.8. The following (i)-(iii) hold: 

(i) A sends each {A,C)-basis ofV to a compatible {A, B)-basis ofV; 

(ii) B sends each {B, A)-basis of V to a compatible {B,C)-basis ofV; 

(iii) C sends each {C, B)-basis of V to a compatible {C, A)-basis ofV. 


□ 


□ 


□ 


□ 


□ 
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Proof, (i) Let {ui}f^Q denote an (A, C)-basis of V, and let denote a compatible (A, B)- 

basis of V. We have Aui = Mj_i for 1 < i < d and Auq = 0. Also Vi = B’^vo/^ipi ■ ■ -ipi) for 
0 < i < d. Moreover uq = Vq. For 0 < z < d, 


Amj E^Ui 


^d-iBd^i 

- Ui = 

Pl---Pd 


J^d 

Pl---Pd 


B^Uq 

-= Vi- 


(ii), (iii) Similar to the proof of (i) above. 

Lemma 21.9. The following (i)-(iii) hold: 

(i) the matrix T' represents A with respect to each (A, C)-hasis of V; 

(ii) the matrix T" represents B with respect to each {B, A)-basis ofV; 

(iii) the matrix T represents C with respect to each {C, B)-basis ofV. 
Proof. By Definition 113.441 and Lemma 121.81 

Recall the vectors rj^rj'^rj” and fi,Ti',fi" from fl59p . flbUp . 

Lemma 21.10. For 0 < i < d, 


AC^T] = • "^d-i+l 

MA^p' = ^d-yPd-i+i 
Pi-■■ Pi 

CB^p” = " Td-i+i 

P’i ■■-Pi 


A-^B^p= C\ 

Pd--- Pd-i+i 

A^r]\ 


c-^AY = — 


p'I---p1 




Pd - - - Pd-i+1 


B^p 


Proof. By Lemmas 113.541121.81 
Lemma 21.11. For 0 < z < d, 


□ 


□ 


□ 


KA‘r," = 

[pf p) 

TO _ i'dyV) pi // 

CC-ri' = (LAc-.,, 

(d, V ) 


A -1 4 *^' _ (d ) d) /U II 

{p,p') 

(d , V ) 


8-1 


Proof. Evaluate the displayed equations in Lemma 121.101 using Lemma 113.641 and simplify 
the results using Lemma 113.621 and Proposition 113.661 □ 

Lemma 21.12. The following (i)-(iii) hold: 

(i) A fixes p and sends p" to (z]", z))/(? 7 ', z))//'; 

(ii) B fixes p' and sends p to {p,p')/iv"I 
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(iii) C fixes rj” and sends rj' to (jj' / {r],fj")r]. 
Proof. Set i = 0 in Lemmas I21.in[ 121.111 
Proposition 21.13. We have 

d d 


A 




i=0 


i=0 


Moreover 


A-i 


d 


Y,Ka\ 


d 

»■' = E 

i=0 


d 

C = ^aiC\ 

j=0 


d 

i=0 


□ 


(133) 


(134) 


Proof. We verify A = Let {ui}f^Q denote an (A, C)-basis of V. Recall the matrix 

r from Definition 13.491 By Proposition 113.391 r represents A with respect to {ui}f^Q. By 
Lemma [12.31 T' = represents ^^h respect to Ly Lemma 

r21.9f i). T' represents A with respect to {ui}f^Q. Therefore A = "Lhe remaining 

assertions of the lemma are similarly verified. □ 

We emphasize one aspect of Proposition 121.131 

Corollary 21.14. The element A (resp. B) (resp. C) commutes with A (resp. (resp. 

C). 

An element X G End(R) is called unipotent whenever X — / is nilpotent. 

Lemma 21.15. Each of A, B, C is unipotent. 

Proof. The element A — J is nilpotent, since it is a linear combination of and A is 

nilpotent. Therefore A is unipotent. The maps B, C are similarly shown to be unipotent. □ 

Definition 21.16. Call the sequence A, B, C the unipotent data for A, B, C. 

Lemma 21.17. Let cx,fi,'y denote nonzero scalars in F. Then the LR triples A,B,C and 
aA, fiB, '-yC have the same unipotent data. 

Proof. By Lemma [13.221 and Definition 121.11 □ 


Lemma 21.18. In the table below, we display some LR triples on V along with their unipo¬ 
tent data. 


LR triple 

unipotent data 

A,B,C 

A,B,C 

B,C,A 

B,C,A 

C,A,B 

C,A,B 

C,B,A 

C-\B-i,A-i 

A,C,B 

a-i,c-Sb-i 

B,A,C 

B-i,A-i,C-i 
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Proof. Use Definition 121.11 and Lemmas 113.231121.31 


□ 


Lemma 21.19. In the table below, we display some LR triples on V* along with their 
unipotent data. 


LR triple 

unipotent data 

A,B,C 

A-i,B-i,C-i 

B,C,A 

B-i,C-i,A-i 

C,A,B 

C-^A-^B-l 

C,B,A 

C,B,A 

A,C,B 

A, C,B 

B,A,C 

B,A,C 


Proof. Use Definition 121.11 and Lemmas 113.241121.31 Keep in mind that the adjoint map is 
an antiisomorphism. □ 

Lemma 21.20. Assume that A,B,C is bipartite. Then the projector .1 commutes with each 
of A, B, C. 

Proof. By Dehnition 121.11 and since J commntes with each of Ei, E" for 0 < i < d. □ 
Lemma 21.21. Assume that A,B,C is bipartite. Then 

AUout = Uout, ®Uout = Uout, CUout = Uout, 

AUin = Un, ®Uin = Un, CVjn = Un- 

Proof. By Lemma 116.12| Dehnition 121. li and since d is even, we hnd that Kiut and Un are 
invariant under each of A, B, C. By Lemma [21.31 the maps A, B, C are invertible. The result 
follows. □ 

The next two lemmas follow from the construction. 

Lemma 21.22. Assume that A,B,C is bipartite, so that A^,B^,C^ act on lAut as an LR 
triple. The unipotent data for this triple is given by the actions of A, B, C on lAut ■ 

Lemma 21.23. Assume that A,B,C is bipartite and nontrivial, so that A^,B^,C^ act on 
Vjn OjS an LR triple. The unipotent data for this triple is given by the actions of A, B, C on 
Un. 

Lemma 21.24. Assume that A,B,C is bipartite. Let 

Q^outj [douti fd'mi "Tout; I'm 

denote nonzero scalars in F, so that the seguence 

O^outA-out T OfinAin; /^out-^out T /dinB'mi O^outf-^out T Tnf-^in 
is a bipartite LR triple on V. This LR triple has the same unipotent data as A, B,C. 

Proof. By Lemma fib.33f iii and Dehnition 121. 11 □ 
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22 The rotators for an LR triple 

Throughout this section the following notation is in effect. Let V denote a vector space over 
F with dimension d + 1. Let A, B, C denote an LR triple on V, with parameter array fHTl) . 
idempotent data flT8|l . trace data fl50l) . and Toeplitz data flSTl) . We discuss a type of element 
in End(R) called a rotator. 

Definition 22.1. By a rotator ioi A,B,C we mean an element R G End(R) such that for 
0 < i < d, 

EiR = REl E[R = RE”, E'/R = REi. (135) 

Lemma 22.2. For R G End(R) the following are equivalent: 

(i) R is a rotator for A, B, C; 

(ii) for 0 <i < d, 


RE[V C EiV, RE”V C E'R, REiV C E'fV. 

Proof. By Definition 122.11 and linear algebra. □ 

Lemma 22.3. Assume that A, B, C is trivial. Then each element of End(R) is a rotator for 
A,B,C. 

Proof. For d = 0 we have Eq = Eq = E'f = L □ 

Lemma 22.4. Let R denote a rotator for A, B, C. Then 

AR = RE, ER = RC, CR = RA. (136) 

Proof. Use Dehnitions IMTl 122.11 □ 


Definition 22.5. Let TZ denote the set of rotators for A, B, C. Note that 7?. is a subspace 
of the F-vector space End(U). We call TZ the rotator space for A, B, C. 

Definition 22.6. Assume that A, B, C is trivial. Then the identity / of End(U) = 7^ is a 
basis for TZ. We call / the standard rotator for A, B,C. 

Assume for the moment that A, B,C is nontrivial. We are going to show that TZ has di¬ 
mension 1 (if A,B,C is nonbipartite) and 2 (if A,B,C is bipartite). In each case, we will 
display an explicit basis for TZ. We now obtain some results that will be used to construct 
these bases. 

Lemma 22.7. The following (i)-(iii) hold. 

(i) is zero on EqV. Moreover for 1 <i < d and on EiV, 

1 - 1(71 = Td-i+i j^_ 

Ti 
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(ii) C ^y4C is zero on EqV. Moreover for 1 < i < d and on E^V, 


C-^AC = 

Ei 

(iii) K~^BK is zero on E'fV. Moreover for 1 <i < d and on E"V, 

A-^BA = 


Proof, (i) The vector A^~^ri' is a basis for E^V. Apply to this vector and evaluate 

the result using Lemma 121.101 (middle row). 

(ii), (iii) Similar to the proof of (i) above. □ 

Lemma 22.8. The following (i)-(iii) hold. 

(i) ACA“^ is zero on E^P. Moreover for 0 < i < d — 1 and on EiV, 

aca-^ = 

Ti+l 


(ii) BAB ^ is zero on E'^V. Moreover for 0 < i < d — 1 and on E[V, 

BylB-i = 

Ti+i 


(iii) C5C ^ is zero on E'fV. Moreover for 0 < i < d — 1 and on E”V, 

CSC-i = ^A. 

Ti+i 


Proof, (i) The vector B^rj is a basis for E^V. Apply ACA"^ to this vector and evaluate the 
result using Lemma 121.101 (top row). 

(ii), (iii) Similar to the proof of (i) above. □ 

Lemma 22.9. The following (i)-(iii) hold: 

(i) the {A, B)-decomposition ofV is lowered by'E~^CM and raised by ACA~^; 

(ii) the {B,C)-decomposition of V is lowered by C“^AC and raised by BAB“\' 

(iii) the {C^ A)-decomposition ofV is lowered by A“^i?A and raised by Ci?C“^. 

Proof, (i) The sequence {EiV}f^Q is the (A, i?)-decomposition of V. This decomposition is 

lowered by A and raised by B. The result follows in view of Lemmas l22.7r iL l22.8f iL □ 
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Lemma 22.10. We have 


and also 


.1=0 

d 


c-Mc V 

Vt^ 

a-^ba(^ 


Pi- 


p'd-" 

P'd-i+i 

p'l 

■"Pi 


■ Pd-i+i 

p'l 

"■p'l 


.1=0 

d 


E" = 


i=0 ' ' ’ V^d-i+l 


E 

^ i=0 
' d 

E 

. i=0 
d 


Pi' 

■■■Pi 

P"d" 

■ P'd-i+i 

p'l 

■"P'i 

Pd-- 

' 2+1 

P"i- 

■"pI 

p'd" 

■ P'd-i+l 


E' 


‘ = E 




, : r + 

( • • • p'd-i+l 

^ p'l-- 

- Pi -p! 

p'd-■■ p'd-i+l \ 

^ p'i ■ 

■■Pi j,. 

rf^Pd--- 

-^1 

^d—i-\-l 

d 

^ Pi 

■■■Pi j 

h^d-- 

■ p'd-i+l 

p p'l 

•••+ ^ 

^^Pd-- 

‘ 2+1 

d If 

SW Pi 

■"pI 


E, 


^ , , -^i 

JZo ^d' ' ' ^'d-i+l 


Proof. To verify the first (resp. fourth) displayed equation in the lemma statement, for 
0 < i < d apply each side to EW, and evaluate the result using Lemma 122.7f i) (resp. 
Lemma [22.8f i)). The remaining equations are similarly verihed. □ 


For the next few results, it is convenient to assume that A,B,C is equitable. Shortly we will 
return to the general case. 

Proposition 22.11. Assume that A^B,C is equitable. Then 


c E 

\ j=0 

4 e 


p'l 

••• + 

p'h" 

• p'Li+i 

Pi- 

-■■Pi 

Pd-- 

■ 2+1 

Pi ■ 

• 

p'd"- 

' p'd-i+l 


s' )b = aI ^ -AEAAe'; )c, 


s." C = B 5^ 


_ ^d.' ' ' Td-i+1 

d 


^Td--- Td-i+i 


Ei I A, 


^ 2=0 ~ ~ ~ / \ i=0 

d \ / d 

^d * * * 2+1 


p'l---Pi 


.1=0 


Proof. We prove fll37p . Dehne 


A' = C E 


p'l--- Pi 
^ Pd" ' Pd-i+1 


E' 


We claim that 


i=0 Pd Pd-i+l 


(137) 

(138) 

(139) 

(140) 

(141) 
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To verify fll4ip . evaluate the right-hand side of f|140p using Lemma 121.41 and simplify the 
result using Lemma 117.211 The claim is proven. By fll4ip and the last diplayed equation 
in Lemma [22.101 XB = AX. So XB^ = A^X for 0 < i < d. By Dehnition 117.11 and line 
fll33p . A = OjA* and B = By these comments XB = AX. In this equation 

evaluate the X on the left and right using fll40p and fll4ip . respectively. This yields fll37p . 
The equations fll38p . fll39p are similarly obtained. □ 

Definition 22 . 12 . Assume that A,B,C is equitable. Let hi, hi', hi" denote the common 
values of fll37p . fll38p . fll39p respectively. 

Lemma 22.13. Assume that A, B, C is trivial. Then fl = fl' = Q" = I. 

Proof. By Lemma 121.21 Definition 122.121 and since Eq = Eq = E'f = L □ 

Lemma 22.14. Assume that A, B, C is equitable. Then for 0 < i < d, 


EiVt = TIE'., E[Vt' = Vt'E”, E'fVt" = Vt"Ei. 

Proof. To verify EiQ = TlEl, eliminate D using the formula on the right in fll37p . and 
evaluate the result using Lemma 121.41 The remaining equations are similary verified. □ 

Lemma 22.15. Assume that A,B,C is equitable. Then 

AQ = QB, BQ! = QIC, CQ” = Q''A. (142) 


Proof. To verify AQ = QB, eliminate D using the formula on the right in fll37p . and evaluate 
the result using Corollary 121.141 and the last displayed equation in Lemma 122.101 The 
remaining equations in (I142h are similarly verified. □ 

Lemma 22.16. Assume that A, B, C is equitable. Then the elements D, D', D" are invertible. 
Moreover 


D-l = V Td--- Td-i+l ] ^-1 




* ‘ ‘ ^d—i-\-l 

{Q”)-^ = a-m y 


A" a-i = a-m y 




.1=0 

d 


E, 


8-1 


-K- 

Lfl-'-Lfi 
Td - ■ ■ Td-i+1 w 


-1 SC Td - ■■ y^d-i+i jp, 


. j=0 


Proof. Use Proposition 122.111 and Dehnition 122.121 


□ 


Lemma 22.17. Assume that A, B, C is equitable and nonbipartite. Then Q = Q' = Q", and 
this common value is equal to 


E 

, i=0 


^d * ‘ ‘ 2+1 


-Ei 1A — 


c E 




-E' 


i=0 ' ' ' Td.-'i+^ 






-E'' C. 


. i=0 


^d * * * 2+1 
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Proof. By Lemma ri7.6lf B along with fll37p - fll39p and Definition 122.121 


□ 


For the past few resnlts we assnmed that A, B, C is eqnitable. We now drop the eqnitable 
assnmption and retnrn to the general case. 

Theorem 22.18. Assume that A,B,C is nonbipartite. Then the following (i)-(v) hold. 

(i) We have 

d 


E 

.i =0 


Td ■ ■ ■ Td—i +1 


E, A = C 




A E 


j _0 Td ' ' ' Td-i+l 


-E'f C. 


—f^Td--- Td-i+i 


Denote this common value by D. 

(ii) D is invertible, and is equal to 


d 


— 1 I \ ^ d ^d—i-\-l ^ \ TO —1 TO —1 / \ ^d—i-\-l jpf \ (f» — l 


A- E 


, i =0 




E 

, i =0 


-E C- 




'* — li \ ^d—i-\-l ^// j 


C- E 


j=o 


Ti-'-Pi 


(in) For Q <i < d, 

EiVt = VtE[, 

(iv) We have 

a[AVt = a'[VtB, 

(v) For A, B, C equitable, 

AD = DB, 


E[D = DEI 


a'lBD = aiDC, 


BD = DC, 


E''D = DEi. 


aiCD = a'lDA. 


CD = DA. 


Proof. Apply Lemmas 122.1411?2.17l to the eqnitable LR triple W^A, a'^B, aiC and use Lemmas 

MUMMMAH □ 

Proposition 22.19. Assume that A,B,C is nonbipartite. Then D is a rotator for A, B,C. 
Proof. By Definition 122. 11 and Theorem l22.18l iiiL □ 

Lemma 22.20. Assume that A,B,C is nonbipartite. Then for t] <i <d, 

DE[V = EiV, DE'fV = E'y, DEW = E-V. 
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Proof. By Proposition 122.191 the map is a rotator for A, B, C. The result follows by Lemma 
122.21 and since Q is invertible by Theorem l22.18r iiL □ 

Recall the rotator space TZ from Dehnition 122.51 


Proposition 22.21. Assume that A, B, C is nonbipartite. Then fl is a basis for the ¥-vector 
space TZ. 

Proof. We have Q ^TZhj Proposition 122.191 The map 12 is invertible by Theorem 122.18f hi. 
so of course 12 7 ^ 0. We show that 12 spans TZ. Let R E TZ. By assumption R and 12 are 
rotators for A,B,C. So by Dehnition 122.11 Q~^R commutes with each of Ei, E” for 
0 < i < d. Now by Dehnition 119.11 VL~^R is an idempotent centralizer for A, B, C. By 
Dehnition 119.41 and Proposition I19.5f iii. there exists C £ T such that Q~^R = (I. Therefore 
R = C12. We have shown that 12 spans TZ. The result follows. □ 

Definition 22.22. Assume that A, B, C is nonbipartite. By the standard rotator ioi A, B, C 
we mean the map 12 from Theorem 122.181 and Proposition 122.211 


Lemma 22.23. Assume that A, B, C is nonbipartite. Then 12 sends 


T] —>■ 


(h, V') n 

{ri'hfj') 


r] —)■ 


{v\ i') 

(p, p") 




7 ]” -)■ 


{v',v) ' 


Proof. Use Lemma [21.121 and the formulae for 12 given in Theorem 122.18f ii. 


□ 


Proposition 22.24. Assume that A, B, C is nonbipartite. Then 12^ 


Definition 13.11 


91, where 9 is from 


Proof. By Theorem I22.18f iii). 12^ commutes with each of Ei, E[, E” for 0 < i < d. By Deh¬ 
nition [UTl 12^ is an idempotent centralizer for A,B,C. By Dehnition 119.41 and Proposition 
ll9.5r iiL there exists C ^ IF such that VR = C,E Considering the action of 12^ on r] and using 
Lemma [22.231 we obtain ( = 9. □ 


Lemma 22.25. Assume that A,B,C is nonbipartite. Let a,/5,7 denote nonzero scalars in 
F. Then the LR triples A,B,C and aA, fiB,'^C have the same standard rotator. 

Proof. Use Lemmas 113.71 [T3.221 l21.lTl and any formula for 12 given in Theorem 122.18f iL □ 


Lemma 22.26. Assume that A,B,C is nonbipartite. 


(i) The following LR triples have the same standard rotator: 


A,B,C B,C,A C,A,B. 


(ii) The following LR triples have the same standard rotator: 

C,B,A A,C,B B,A,C. 


(iii) The standard rotators in (i), (ii) above are inverses. 
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Proof. By Lemmas 117.101 122.251 we may assume without loss that A,B,C is equitable. 
Now use Lemmas 113.91113.231 ll7.6l iL 121.181 and the formulae for hi, 12“^ given in Theorem 

ImHOXii). □ 

Recall from Lemma [13.131 the LR triple A, B, C on the dual space V*. 

Lemma 22.27. Assume that A, B, C is nonbipartite. Then the following are inverse: 

(i) the adjoint of the standard rotator for A, B, C; 

(ii) the standard rotator for A,B,C. 

Proof. Use Lemmas 113.131113.241121.191 and any formula for 12 given in Theorem I22.18l il . □ 

Proposition 22.28. Assume that A^ B, C is nonbipartite. Let R denote a nonzero rotator 
for A,B,C. Then the following (i)-(iv) hold. 

(i) R is invertible. 

(ii) We have 

a[AR = a'^RB, a"BR = aiRC, aiCR = a[RA. 

(iii) We have 

AR = RB, BR = RC, CR = RA. 

(iv) For A, B, C equitable, 

AR = RB, BR = RC, CR = RA. 

Proof. By Proposition 122.211 there exists 0 7 ^ ^ G F such that R = ^12. The results follow in 
view of Theorems [2(CT iil , 122:181 □ 

We now turn our attention to the case in which A, B, C is bipartite and nontrivial. 

Lemma 22.29. Assume that A,B,C is bipartite and nontrivial. Let R denote a rotator for 
A, B, C. Then the following (i)-(iii) hold: 

(i) RVout C Rout and RRn ^ Rn/ 

(ii) RJ = JR; 

(iii) RJ is a rotator for A, B, C. 

Proof, (i) By Lemmas 116.121122.21 

(ii) The map J acts on Wut as the identity, and on Rn as zero. The result follows from this 
and (i) above. 

(iii) By Definition 122.11 and since J is an idempotent centralizer for A, B, C by Proposition 

[Tra hiL □ 
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Definition 22.30. Assume that A,B,C is bipartite and nontrivial. Let R denote a rotator 
for A,B,C. Then R is called outer (resp. inner) whenever R is zero on Idn (resp. Kut)- Let 
Rout (resp. T^in) denote the set of outer (resp. inner) rotators for A, 5, C. Note that Rout 
and T^in are subspaces of the F-vector space R. 

Definition 22.31. Assume that A,B,C is bipartite and nontrivial. Define elements Dout, 
Din in End(D) as follows. Recall by Lemmas 116.171 ITB. 19f hi that B^, acts on Vout as a 
nonbipartite LR triple. The map Dout acts on Vout as the standard rotator for this LR triple. 
The map Dout acts on Idn as zero. The map Djn acts on Vont as zero. Recall by Lemmas 
116.18[ I16.2nf i).(ii) that A^,B^, acts on Vn as an LR triple that is nonbipartite or trivial. 
The map Din acts on Idn as the standard rotator for this LR triple. 

Lemma 22.32. With reference to Definition \22.31\. 


Dnilt Lout Vr 


out) 


Doutldn — 0, 


DinRjut — 0, 


DinVjn V{r\ 


Proof. By Definition 122.311 and the construction. □ 

Proposition 22.33. Assume that A, B, C is bipartite and nontrivial. Then the following 
(i)-(iii) hold: 

(i) the sum R = T^out + Rw is direct; 


(ii) Dout is a basis for Rout; 

(hi) Din is a basis forRi^. 

Proof. By Dehnitions 122.301 122.311 we hnd Dout £ "^out and D^ G T^in. We mentioned 
in Dehnition 122.311 that A‘^,B‘^,C^ acts on Wut as a nonbipartite LR triple. Denote the 
corresponding rotator subspace and standard rotator by and D°“*, respectively. By 
construction 7^°"* is a subspace of End(14ut)- By Proposition 122.211 D°“* is a basis for 7?.°“*. 
For R eR the restriction R\vout E contained in R°'^^, and the map R -E 7?.°“*, R i—)■ is 

F-linear. This map has kernel T^in. This map sends Dout ^ and is therefore surjective. 
By these comments Dout forms a basis for a complement of T^in in R. Similarly Din forms a 
basis for a complement of T^out in R- Note that T^out = 0 by Dehnition 122.301 and since 
the sum V = Wut + Vn is direct. The result follows. □ 

Definition 22.34. With reference to Dehnition 122.311 and Proposition 122.331 we call Dout 
(resp. Din) the standard outer rotator (resp. standard inner rotator) for A,B,C. 

We now describe Dout and Din in more detail. 

Theorem 22.35. Assume that A, R, C is bipartite and nontrivial. Then the following (i)-(v) 
hold. 


(i) We have 


D 


out 



TiT2 • • • T2j 
TdTd-l • • • Td-2j+l 




ipiip2 ■ ■ ■ (P2j 
TdTd-1 ■ ■ ■ Td-2j+l 



B 



ipiip2 ■ ■ ■ (P2j 
TdTd-l ■ ■ ■ Td-2j+l 



C. 


Ill 






























(ii) For 0 < i < d, 


-£'7^0Ut 


OUt-^ 


E'.Qout = 


out 


El 


E”Vtont — ^ontEi- (143) 


(iii) Referring to fll43p . if i is odd then for each equation both sides are zero. 

(iv) We have 

Q!2v4^f2out = Q^2^out-B^, tt2-B^Oout = Ot2^outC‘^ ■, Ot2C‘^^out = Q^2^out^^- 


(v) For A, B, C equitable, 


B^^out — HoutC^) 




Proof. Apply Theorem 122.181 to the LR triple in Lemma [16.171 and evaluate the result using 
Lemmas 121.221122.321 □ 

Theorem 22.36. Assume that A, B, C is bipartite and nontrivial. Then the following (i)-(v) 
hold. 


(i) ITe have 


Oin 


^ d/2-1 

T 2 T 3 • • • 7^2j+l 
Td-lTd-2 ■ ■ ■ Td-2j 


-E. 


2j+l 


( d/2-1 

E 

j=0 


T2Tz ■ ■ ■ T2j+1 p, 

E2j+1 


( d/2-1 

y J£i 


ip2'-PS ■ ■ ■ 7^2/+! 


-lTd-2 ■ ■ ■ Td-2j 


E'l+i 


^ Td-lTd-2 ■ ■ ■ Td-2j 

C 


(ii) For 0 < i < d, 

E,Q,^ = Q,^E', E'Q,^ = Q,^El E'fQ,^ = Q,^E,. (144) 

(iii) Referring to (I144p . if i is even then for each equation both sides are zero. 

(iv) ITe have 

= a2llmC'^ a2C'^llin = 

(v) For A, B, C equitable, 


Proof. Apply Theorem 122.181 to the LR triple in Lemma Flh.lSl and evaluate the result using 
Lemmas 121.231122.321 □ 

Recall the maps hi, O', O" from Dehnition 122.121 
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Proposition 22.37. Assume that A,B,C is equitable, bipartite, and nontrivial. Then 


n 


Q. 


out 


PO^in: 


Q.' — Oout + Po^i: 


Q.” — Oout + Po^^i: 


Proof. Compare the formulae for O, O', O" given in Proposition 122. Ill with the formulae for 
tlout, tlin given in Theorems I22.35f ih I22.36f ih The result follows in view of Lemma 117.131 
and (11291) . □ 

Lemma 22.38. Assume that A,B,C is equitable, bipartite, and nontrivial. Then O, O', O" 
are rotators for A, B,C. 

Proof By Propositions 122.331122.371 □ 

Proposition 22.39. Assume that A,B,C is bipartite and nontrivial. Then 



(PdB^out 

PdC^out 


^d^outC ^ 

PlC^'in ~ 

Moreover for A, B, C equitable. 

-^^out Po^in-S? 

B^ont pQ^inC-, 

Cflout Po^in^! 

PO-^^in 


PgCflin flout 


Proof. First assume that A, B,C is equitable. To obtain the result under this assumption, 
evaluate (11421) using Proposition l22.37l Lemmas rib. 151 [2X321 and line (I129p . We have verihed 
the result under the assumption that A, B, C is equitable. To remove the assumption, apply 
the result so far to the LR triple (11271) in Lemma 116.311 made equitable by chosing the 
parameters (I126p to satisfy (I13ip . □ 


Proposition 22.40. Assume that A, B, C is bipartite and nontrivial. Let R denote a rotator 
for A, B, C and write R = rOout + sOin with r, s G F. Then 


^Pd-^ontR ^PlRBouti ^Pd^outR ^PlRCout: 

rip^A[„iR Sip j^RB[yi, '^PiB^yiR spdRCmi 


Moreover for A, B, C equitable, 

^Aq,j,iR upqRBq^i, sBq,^iR r PqRCq^i^^, 

^ PoA'mR sRB^i,, r PqByiiR sRCi^,, 


^PdCoutR ^PlRAouti 
rpiCinR = sp'^RAin- 

^^QYitR ^Pg-^^out) 

rp'^CinR = sRAir,. 


Proof. To verify these equations, eliminate R using R = rOout + sOin and evaluate the result 
using Dehnition 116.291 together with Proposition 122.391 □ 


Lemma 22.41. Assume that A,B,C is bipartite and nontrivial. Then flout sends 




/ (p', p") 

7 ^ 


(p", V') ’ (p, P") 

Proof. Similar to the proof of Lemma 122.231 




(p', p) 


□ 
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Recall the scalar 6 from Definition 113.711 


Proposition 22.42. Assume that A, B, C is bipartite and nontrivial. Then the following 

(i) , (ii) hold. 

(i) ^out = on Kut- 

(ii) = p-^ei on where p = ipip[p'l/{pdTdTd)- 
Proof, (i) Similar to the proof of Proposition 122.241 

(ii) By Proposition 122.391 we obtain = pVt\^A. For this equation apply each side to 

Kut and use the fact that AVont = Idn- The result follows in view of (i) above. □ 

Lemma 22.43. Assume that A,B,C is bipartite and nontrivial. Let R denote a rotator for 
A, B, C and write R = rDout + -sDin with r, s G F. Then R is invertible if and only ifr, s are 
nonzero. 

Proof. By Lemma [22.321 □ 

Proposition 22.44. Assume that A, B, C is bipartite and nontrivial. Let R denote an 
invertible rotator for A, B, C. Then 

AR = RB, BR = RC, CR = RA. 

Proof. Use Theorem I20.3f iiii and the comment above that theorem, along with Proposition 
122.401 and Lemma [22.431 □ 


23 The reflectors for an LR triple 

Throughout this section the following notation is in effect. Let V denote a vector space 
over F with dimension d + 1. Let A, B, C denote an LR triple on V, with parameter array 
dHj), idempotent data fHHll . trace data (15(1 . and Toeplitz data flHTll . Recall the reflector 
antiautomorphism concept discussed in Proposition 16.1! and Dehnition 16.21 There are three 
reflectors associated with A,B,C; the (A, i?)-reflector, the (R, C)-reflector, and the {C,A)- 
reflector. We now consider how these reflectors behave. In order to keep things simple, 
throughout this section we assume that A, B, C is equitable. 

Proposition 23.1. Assume that A,B,C is equitable and nonbipartite, with standard rotator 
D. Then the following (i)-(iii) hold. 

(i) The {A, B)-reflector swaps A,B and fixes C. It swaps A, B and fixes C. It fixes D. 
For 0 < i < d it fixes Ei and swaps R', E". 

(ii) The {B,C)-reflector swaps B,C and fixes A. It swaps B, C and fixes A. It fixes D. 
For Q <i < d it fixes E[ and swaps R", R*. 

(iii) The (R, A)-reflector swaps C, A and fixes B. It swaps C, A and fixes B. It fixes D. For 
0 < i < d it fixes R" and swaps Ei, E[. 
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Proof, (i) Denote the (A, i?)-reflector by f. The map f swaps A, B by Proposition 16.11 and 
Dehnition 16.21 We have A = ® ^ Proposition l21.13l so f swaps 

A, B. To see that f hxes D, nse the hrst formnla for D given in Theorem I22.18r ih along 
with Definition 17.11 and Lemma 17.101 From Theorem I22.18lf vi we obtain C = and 

C = Q~^BQ. By these and since f hxes D, we see that f hxes C. Conseqnently f hxes 
C = Yli=o For 0 < i < d the map f hxes Ei by Lemma [6.41 Also by Lemma [13.251 and 
Lemma ri7.6f L the map f swaps A', A". 

(ii), (hi) Use (i) above and Lemma [22.26f iL □ 


Proposition 23.2. Assume that A, B, C is equitable, bipartite, and nontrivial. Then the 
following (i)-(iii) hold. 


(i) The {A, B)-reflector sends 


Aout t B[yi, 
A'm ^ .Soutj 


-^out t Ajn, 
Bin ^ Aout) 


Cout ^ iPo/Po)Cm, 

Cin -)■ (Po/Po)C'out- 


It swaps A, B and fixes C. It fixes J and everything in IZ. For 0 < i < d it fixes Ei 
and swaps Ef E”. 

(ii) The {B,C)-reflector sends 


Bont t Cin, 

^in Cout, 


C'out t Bin, 
Cin -®out; 


^out ^ (Po/ 

Ain {Pq/P iflAnnt- 


It swaps B, C and fixes A. It fixes J and everything in IZ. For < i < d it fixes E[ 
and swaps E”, Ei. 

(iii) The {C, A)-reflector sends 


C*out t Ajn, 
Cin A out 5 


-^out Cin, 
-^in Cout, 


-Bout {p'o/Po)Bin, 
Bin {Po/Po)Bout- 


It swaps C, A and fixes B. It fixes J and everything in IZ. For < i < d it fixes E” 
and swaps Ei, E[. 


Proof, (i) Denote the (A, i?)-rehector by f. The map f swaps A,B by Proposition 16.11 and 
Dehnition 16.21 For 0 < i < d the map f hxes Ei by Lemma 16.41 By this and Lemma 
l9.3f iL the map f hxes J. By this and Lemma I^^ B.fiii the map f sends Aout t-)- Bin and 
Ain -Bout- We have A = ® ^ ty Proposition 121.131 so f swaps 

A, B. We show that f hxes everything in IZ. By Proposition 122.331 it snfhces to show that f 
hxes Dout and Din. To see that f hxes Dout (resp. D^), nse the hrst formnla for Dout (resp. 
Din) given in Theorem I22.35f i) (resp. Theorem I22.36f i)). along with Dehnition 18.111 and 
Lemma 18.151 For 0 < i < d we show that f swaps El, E". Pick an invertible R & IZ. By 
Dehnition 122.11 EiR = REl and E'/R = REi. In either eqnation, apply f to each side and 
compare the results with the other equation. This shows that f swaps Ef E'f. Using this and 
C = J2i=o^d-i^i t C. To obtain the action of f on Cout, Cn, we invoke 
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Proposition 122.401 Referring to that proposition, assume that r, s are nonzero, so that R is 
invertible, and consider the equations sCout-R = ''"Po-R^out and rp^B-^^R = sRC^^. In either 
equation, apply f to each side and compare the results with the other equation. This shows 
that t sends (Pout (Po/Po)Cin and (P^ H- (Po/Po)<Pouf 

(ii), (hi) Similar to the proof of (i) above. □ 

Corollary 23.3. Assume that A, B, C is equitable, bipartite, and nontrivial. Then the fol¬ 
lowing (i)-(iii) hold: 

(i) the {A, B)-reflector swaps A, B and fixes C; 

(ii) the {B, C)-reflector swaps B, C and fixes A; 

(hi) the ((P, A)-reflector swaps (P, A and fixes B. 

Proof. Use Theorem I2n.3f hi) and the comment above that theorem, along with Proposition 

[2321 □ 


24 Normalized LR triples with diameter at most 2 


Our next general goal is to classify up to isomorphism the normalized LR triples. As a 
warmup, we consider the normalized LR triples with diameter at most 2. For the results in 
this section the proofs are routine, and left as an exercise. 

Lemma 24.1. Up to isomorphism, there exists a unique normalized LR triple over F that 
has diameter 0. This LR triple is trivial. 

Lemma 24.2. Up to isomorphism, there exists a unique normalized LR triple A, B, C over 
F that has diameter 1. This LR triple is nonbipartite and ipi = —1. Moreover oq = 1 and 
Oi = —1. With respect to an (A, B)-basis the matrices representing A, B, C and the standard 
rotator O are 


A : 



B : 


0 0 \ 

-1 0 y) ’ 




Lemma 24.3. We give a bijection from the set F\{0, —1} to the set of isomorphism classes 
of normalized nonbipartite LR triples over F that have diameter 2. For q G F\{0, —1} the 
corresponding LR triple A, B, C has parameters 


(pi = -1-q 
1 

«2 — — -, 

1 + g 

oq = 1 + g. 


-1 


fi2 = 


(P2 = -I- q, 
g 


1 + g’ 


ai = q ^ - g, 


02 = -1 - g 


-1 
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With respect to an {A, B)-basis the matrices representing A,B,C and the standard rotator 
n are 


A : 

C : 


0 

1 

0 ) 

\ i 

( 0 

0 

0 

0 

0 


B-.\ 

1 

1 

1 

0 0 

0 

0 

0 ) 

f 1 

( 0 

-1-g 0 / 


1 + g q 0 

—1 — q q~^ — q 

0 -1-g-i -1-g-i 


( ^ ^ 

: -1-g-^ -1 

\ 1 + q-^ 0 


(1 + g) 
0 
0 



Lemma 24.4. We give a bijection from the set the 3-tuples 


{Po,p'o,Po) e F^, Pop'oPo — “1 


(145) 


to the set of isomorphism classes of normalized bipartite LR triples over F that have diam¬ 
eter 2. For a 3-tuple (po^PoiPoO fll45p . the corresponding LR triple A,B,C has 

parameters 


ipi = -l/po, = ip” = -l/p'', 

P’2 = PO) P 2 ~ P 01 P 2 ~ Po- 


With respect to an {A, B)-basis the matrices representing A,B^C, the projector J, and the 
standard outer/inner rotators llout, are 


A : 


0 1 0 \ 

0 0 1 , 
0 0 0 / 


/ 0 0 0 \ 

B : -1/po 0 0, 

V 0 Po 0 / 


( 0 l/p(( 0 \ 

: Po 0 p" , 

V 0 -l/pl 0 / 


J : 


1 0 0 \ 

0 0 0 , 

0 0 1 / 


a 


out 


1 0 1 \ 

0 0 0 , 

- 100 / 


/ 0 0 0 \ 

Oi, ; 0 1 0 

\ 0 0 0 / 


25 The sequence is constrained 

Throughout this section the following notation is in effect. Let V denote a vector space over 
F with dimension d + 1. Let A, B, C denote a nontrivial LR triple on V, with parameter 
array (011), idempotent data (081) . trace data (|50l) . and Toeplitz data (|5lll . We assume that 
A, B, C is equitable, so that O!* = a' = a” and fdi = f3[ = (d” for 0 < i < d. For A, R, C 
nonbipartite we have the sequence {ppiZo from Dehnition 117.71 and for A^B^C bipartite 
we have the sequences {pp’^zl-, {Pi}f=o, {Pi}iZo from Dehnition 117.151 Our next goal is to 
show that these sequences are constrained, in the sense of Dehnition 111.11 

Lemma 25.1. Assume that A,B,C is equitable. Then the following (i)-(iii) hold. 

(i) For d >2, 


Pi — Oiol32Pi + WfdlPi+l + Oi2ldoPi+2 
0 = 0'o/32 + + Oi2(do- 
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(0<i<d-l), (146) 

(147) 










(ii) For d> 3, 

0 = + Oi2fdiipi + a^Po^pi^i (2 < i < c?), (148) 

0 = tto/^a + cn/^2 + Oi2l3i + (149) 

(iii) For A, B, C bipartite and d> 4, 

0 = aQf3i(pi-2 + Oi2/d2Fi + Q^4/3oV^i+2 (2 < i < c? — 1), (150) 

0 = Oo/?4 + 012(32 + 01/i(3q. (151) 

Proof, (i) Line fll46p is from the first displayed equation in Proposition 114.61 along with 
Lemma [17.6f ii. Line fll47p is from fl42p . 

(ii) Line 01481) is from the hrst displayed equation in Proposition 114.71 (with r = 3). Line 
fIM is from (@21. 

(iii) Similar to (ii) above, but also use Lemma 116.61 □ 

As we proceed, we will consider the bipartite and nonbipartite cases separately. We begin 
with the nonbipartite case. 

Lemma 25.2. Assume that A, B, C is nonbipartite, equitable, and d > 2. Then for 0 < i < 
d — 1, 

Pi = ao(32{p>i - Pi+i) - a2(3o{pi+i - Pi+2)- (152) 

Proof. Subtract (p^+i times fll47p from fll46p . □ 

Definition 25.3. Assume that A,B,C is nonbipartite, equitable, and d>3. Define 

a = ao/ds, b = ao/ds + 01/^2 = -a 2 (di - as/do, c = -as/do- (153) 

Lemma 25.4. Assume that A, B, C is nonbipartite, equitable, and d > 3. Then for 2 < i < 
d, 

0 = a{ipi-2 - Ti-i) + b{ipi-i - ifi) + c{ipi - (fi+i), (154) 

where a, b, c are from fll53p . 

Proof. To verify (I154p . eliminate a, b, c using (I153p . and compare the result with (I148p . □ 

Lemma 25.5. Assume that A, B, C is nonbipartite, equitable, and d > 3. Then for 1 < i < 
d-2, 

0 = api_i + + cpi+i, (155) 

where a, b, c are from fll53p . 

Proof. To verify fll55p . eliminate pi_i, pi, pi+i using Lemma [25.21 and evaluate the result 
using Lemma [25.41 □ 
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Lemma 25.6. Assume that A,B,C is nonhipartite, equitable, and d>3. Then the scalars 
a, b, c from Deftnition \25.3\ are not all zero. 

Proof. Recall from Lemmas 113.461 (16751 that ao = 1 = and ai = —(3i is nonzero. Snppose 
that each of a, b, c is zero. Using fll53p we obtain as = 0, = 0, a 2 = 0, (d 2 = 0. Now in 

(11521) the right-hand side is zero and the left-hand side is nonzero, for a contradiction. The 
resnlt follows. □ 

Proposition 25.7. Assume that A,B,C is nonbipartite and equitable. Then the sequence 
{pi}flQ is constrained. 

Proof. We verify that {pi}ilQ satishes the conditions (i), (ii) of Dehnition 111.11 Dehnition 
lll.ll il holds by Lemma 117.81 If d < 2 then Definition lll.lf iii holds vacnosly, and if d > 3 
then Definition lll.lf ii) holds by Lemmas 125. 5 ( 125.61 □ 

Lemma 25.8. Assume that A,B,C is nonbipartite and equitable, but the sequence {pi}^zl 
is not geometric. Then d is even and at least f. 

Proof. By Lemma 111.61 and Proposition 125.71 □ 

We tnrn onr attention to bipartite LR triples. 

Lemma 25.9. Assume that A, B, C is bipartite, equitable, and d > 2. Then for Q < i < d—1. 


pi = oiQ(52{,Ti-Ti+ 2 ), pi = ao/32{z’'i-^>[+ 2 ), p” = oiohip” - t”+2)- (156) 

Proof. To verify the eqnation on the left in fll56p . set ai = 0, /5i = 0 in Lemma (25.ll iL The 
other two eqnations in fll56|) are similarly verihed. □ 


Lemma 25.10. Assume that A,B,C is bipartite, equitable, and d > 4. Then for 2 < i < 
d — 1, 

aof34{Ti-2 - Pi) = aiPoiPi - Pi+ 2 ), (157) 

«o/^4((^'_2 - P'i) = aMp'i - p'i+ 2 )^ (158) 

ao/3i{p”_2 - Pi) = aMPi - Pi+2)- (159) 

Proof. To obtain fll57p . snbtract (p* times fll5ip from fllhOp . Eqnations (11581) . (11591) are 
similarly obtained. □ 


Lemma 25.11. Assume that A,B,C is bipartite, equitable, and d > 4. Then for 1 < i < 
d-2, 

Oiof^APi-i = onfdoPi+i, ctoAPi-i = ct4/^op(+i; (^ol^iPi-i = a4/3oPi+i- (160) 

Proof. Use Lemmas 125.91125.101 □ 

Proposition 25.12. Assume that A,B,C is bipartite, equitable, and nontrivial. Then the 
sequences {pi}'^!], constrained. 

Proof. We verify that {Pi}tZo satisfy the conditions (i), (ii) of Dehnition 

111.11 Dehnition lll.ll il holds by Lemma [T77T61 Recall that d is even. If d = 2 then Dehnition 
111. U hl holds vacnosly, and if d > 4 then Dehnition lll.lf ii) holds by Lemma 125.111 and since 
04 7 ^ 0, /54 7 ^ 0 by Lemma 116.61 □ 
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26 The classification of normalized LR triples; an overview 

Throughout this section assume d >2. Our next goal is to classify up to isomorphism the 
normalized LR triples over F that have diameter d. We now describe our strategy. Consider 
a normalized LR triple A,B,C over F that has parameter array (jH]). Recall the sequence 
{Pi}i=o from Definition 117.71 We place A, R, C into one of four families as follows: 


family name 

family definition 

d restriction 

NBWeyl,(F) 

over F; diameter d; nonbipartite; normalized; there exist 
scalars a, 6, c in F that are not all zero such that 
a -1- 6 -|- c = 0 and api^i + bpi + cipi^i = 0 for 1 < z < d 


NBGrf(F) 

over F; diameter d; nonbipartite; normalized; not in 
NBWeylrf(F); the sequence is geometric 


NBNGrf(F) 

over F; diameter d; nonbipartite; normalized; 
the sequence {pi]fzl is not geometric 

d even; 
d > 4 

Bd(F) 

over F; diameter d; bipartite; normalized 

d even 


As we will show in Lemma 127.61 if A,B,C is contained in NBWeyl^(F) then {pi}f~Q is 
geometric. By this and Lemmas 116.61 [25^ the LR triple A, R, C falls into exactly one of the 
four families. 

Over the next four sections, we classify up to isomorphism the LR triples in each family. 


27 The classification of LR triples in NBWeyl^(F) 


In this section we classify up to isomorphism the LR triples in NBWeyl^(F), for d > 2. We 
first describe some examples. 

Example 27.1. The LR triple NBWeyl^(F; j, g) is over F, diameter d, nonbipartite, nor¬ 
malized, and satisfies 


d > 2] d is even; j 

if Char(F) ^ 2 then g is a primitive 
if Char(F) = 2 then g is a primitive 
(1 -h g^-^+^)^(l — g“^*) 

= g2i + l(g_g-l)2 


e Z, 0 < j < d/2; 
{2d + 2)-root of unity; 
{d -|- l)-root of unity; 

(1 < i < d). 


0 7 ^ g e F; 


Example 27.2. The LR triple NBWeyl^ (F; j, g) is over F, diameter d, nonbipartite, nor- 
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malized, and satisfies 


Char(F) 7 ^ 2; d > 3; d is odd; 

j e Z, 0<j<(d-l)/4; OT^geF; 

g is a primitive ( 2 d + 2 )-root of unity; 


Vi = 


(1 + — q 

qr2j+l(g _ g-l)2 


(1 < i < d). 


Example 27.3. The LR triple NBWeyl^ is over F, diameter d, nonbipartite, normal¬ 
ized, and satisfies 


Cliar(F) ^ 2; 

0 7 ^ t e F; 

2 t(l -f) 


d > 5; d = 1 (mod 4); 

t is a primitive (d -|- l)-root of unity; 

(1 < i < d). 


Lemma 27.4. For the LR triples in Examples 27.1- 27.3, (i) they exist; 
tained in NBWeyl^(F); (iii) they are mutually nonisomorphic. 


pi 


they are con- 


Proof. (i) In Examples 127.11127.21 we see an integer j. For Example 127.31 define an integer 
j = {d — l)/4. In Examples 127.11127.21 we see a parameter g G F. For Example 127.31 define 
g G F such that t = g“^. In each of Examples I27.1H27.3] the pair d, g is standard. For 
each example we use the data d, j, q and Proposition 115.311 to get an LR triple over F that 
has g-Weyl type. This LR triple is nonbipartite, since its first Toeplitz number is nonzero. 
Normalize this LR triple and apply Lemma 115.101 to get the desired LR triple over F. 

(ii) Let A, B, C denote an LR triple listed in Examples I27.1H27.31 By assumption A, B, C is 
over F, diameter d, nonbipartite, and normalized. Define a = 1, b = —1 — g^, c = g^, where 
t = g“^ in Example 127.31 Then a -|- 6 -1- c = 0, and acpi^i + bipi + api+i = 0 for 1 < i < d. 
Therefore A,B,C is contained in NBWeyl^(F). 

(iii) Among the LR triples listed in Examples I27.1H27.^ no two have the same parameter 

array. Therefore no two are isomorphic. □ 


Theorem 27.5. For d > 2, each LR triple in NBWeyl^(F) is isomorphic to a unique LR 
triple listed in Examples \27.1]^27^ 


Proof. Let A,B,C denote an LR triple in NBWeyl^(F), with parameter array fl4T)) and 
Toeplitz data fl5T)) . By assumption there exist scalars a, 6 , c in F that are not all zero, such 
that a -|- 6 -t- c = 0 and aipi^i + b(fi -|- cipi^i = 0 for 1 < z < d. Setting z = 1 and ipo = 0 
we obtain bcpi -|- ap 2 = 0. Setting z = d and Vd+i = 0 we obtain aipd-i + bipd = 0. By these 
comments each of a, 6 , c is nonzero. Define a polynomial g G F[A] by g{X) = a + bX + cX^. 
Observe that g(l) = 0, so there exists t G F such that g(A) = c(A —1)(A —t). We have ct = a, 
so t 7 ^ 0. Assume for the moment that t = 1. By construction there exists m,z; G F such 
that ipi = u + vi for 0 < i < d + 1. setting z = 0 and 990 = 0 we obtain u = 0. Consequently 
(pj = nz for 0 < z < d -|- 1, and n 7 ^ 0. Fix a square root G F. Define an LR triple 
A'^,B^,C'^ over F by 


rv = B'^ = Bv-^^\ 
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By Lemma 113.71 this LR triple has parameter array 


= = = ^^/v = ^ {l<^<d). 

Now by Dehnition ll5.17l the LR triple C'^ has Weyl type. Consider its hrst Toeplitz 

number a'^. On one hand, by Lemma fl3.48l and the construction, a\ = On 

the other hand, by Lemma [15.211 = 0. This is a contradiction, so t 7 ^ 1. The polynomial 

g{X) = c(A —1)(A —t) has distinct roots. Therefore there exist G F such that ipi = u + vf 
for 0 < i < (i+ 1. Setting i = 0 and v 9 o = 0 we obtain 0 = u + v. Consequently (pi = u{l — f) 
for 0 < i < d + 1, and u ^ 0. Fix square roots G F. Dehne q = . By 

construction g 7 ^ 0, f = and 7 ^ 1. Dehne an LR triple R^, C'^ over F by 

A'' = C'^ = Cu-^!^. 


By Lemma 113.71 this LR triple has parameter array 

v^r = {yy^ = = ^yu = i - g-^* (i < ^ < d). 


Now by Dehnition 115.241 the LR triple has g-Weyl type. Replacing g by —g 

if necessary, we may assume by Lemma 14.161 that the pair d, g is standard in the sense of 
Dehnition 14.141 By that dehnition, if Char(F) 7 ^ 2 then g is a primitive (2d + 2)-root of unity. 
Moreover if Char(F) = 2, then d is even and g is a primitive (d + l)-root of unity. Consider 
the hrst Toeplitz number By Lemma [15.291 there exists an integer j (0 < j < d) such 
that 

V _ g ^+'/2 + q-j-1/2 


By Lemma [13.481 and the construction, ai = . Therefore u = (a^)^. By these comments 


(l + g^^+^)^ 

g2j+l(g _ g-l)2 ■ 


(161) 


Replacing j by d— j corresponds to replacing by —and this move leaves u invariant. 
Replacing j by d — j if necessary, we may assume without loss that j < d/2. Note that 
j 7 ^ d/ 2 ; otherwise 1 + = 0 which contradicts fll 6 ip . Therefore j < d/ 2 . Assume 

for the moment that d = 1 + 4j. Then = 0. In this case fll61|) reduces to 

u = 2/{q — q~y^, or in other words u = 2f/(l — f)^. Now d,t satisfy the requirements 
of Example 127.31 so A,B,C is isomorphic to NBWeyl^(F; f). For the rest of this proof, 
assume that d 7 ^ 1 + 4j. We show g G F. Dehne / = + q~‘^^~^ and note by (11611) 

that / + 2 = Mg^(l — g“^)^. By this and n, g^ G F we hnd / G F. Also, using g^ G F 
we obtain fq = + g“^-^ G F. We have / 7 ^ 0 since d 7 ^ 1 + 4j. By these comments 

q = fq/ f For the moment assume that d is even. Then d, j, g meet the requirements 
of Example 127.11 so A, R,C is isomorphic to NBWeyl^(F; j, g). Next assume that d is odd. 
We mentioned earlier that the pair d, g is standard. The pair d, g remains standard if we 
replace g by —g. Consider what happens if we replace g by —g and j by (d — l)/2 — j. 
By (11611) this replacement has no ehect on u. Making this adjustment if necessary, we may 
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assume without loss that j < {d — l)/4. Now d,j, q meet the requirements of Example 127.21 
so A, B, C is isomorphic to NBWeyl^(F; j, q). We have shown that A, B, C is isomorphic to 
at least one of the LR triples listed in Examples 127. 1112 7. 3l The result follows from this and 
Lemma [27.4f iiih □ 


Lemma 27.6. Assume d > 2. Let A,B,C denote an LR triple in NBWeyl^(F). Then for 
0 < i < d — 1 the scalar pi from Definition\17.7\ satisfies 


case 

NBWeyl+(F;j,g) 

NBWeyl^(F;j,g) NBWeyl^(F;f) 

pi 

_q-2i-2 

_q-2i-2 —f+^ 


Moreover, the sequence {pi}f^Q is geometric. 

Proof. Compute pi = pi^i/tpd-i using the data in Examples 127.11127751 □ 


28 The classification of LR triples in NBGc^(F) 

In this section we classify up to isomorphism the LR triples in NBGd(F), for d > 2. We hrst 
describe some examples. 

Example 28.1. The LR triple NBGd(F; q) is over F, diameter d, nonbipartite, normalized, 
and satishes 


d>2] 0 ^ q e¥] 

g* 7^ 1 (1 < * < d); 

_ qiq" - I)(g*"'^"^ - i) 


^ - 1 ; 

(1 < i < d). 


Example 28.2. The LR triple NBGd(F; 1) is over F, diameter d, nonbipartite, normalized, 
and satishes 


d > 2; Char(F) is 0 or greater than d; 

ipi = i{i — d — 1) (1 < ^ < d). 

Lemma 28.3. For the LR triples in Examples \28 . R 128.21 (i) they exist; (ii) they are con¬ 
tained in NBGrf(F); (hi) they are mutually nonisomorphic. 

Proof, (i) In Example 128.11 we see a parameter g G F. For Example 128.21 dehne g = 1. 
Using g we construct an LR triple A, B, C as follows. For notational convenience dehne 
Qi = (fd-i+i — Td-i for 0 < i < d, where (po = 0 and = 0. Let V denote a vector space 
over F with dimension d + 1. Let denote a basis for V. Dehne A,B,C in End(U) 

such that the matrices representing A, B,C with respect to {vi}f^Q are given by the hrst 
row of the table in Proposition 113.391 Here <p' = <pi and p” = pi ioi 1 < i < d. We show 
that A, B, C is an LR triple on V. We hrst show that A, B is an LR pair on V. Let {U}f=o 
denote the decomposition of V induced by the basis {ui})Lo- Using the matrices dehning 
A, B we hnd that {U}iLo U lowered by A and raised by B. Therefore A, B is an LR pair 
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on V. Next we show that B, C is an LR pair on V. Dehne the scalars {ai}f^Q by ao = 1 
and Q!i_i/aj = for 1 < i < d. Dehne B = Note that MB = BM. With 

respect to the basis {vi}f^Q the matrix representing B is lower triangnlar, with each diagonal 
entry 1. Therefore B is invertible. Observe that {MVd-i}f^Q is a decomposition of V that is 
lowered by B. Using the matrices dehning B,C one checks that {MVd-i}f^Q is raised by C. 
By these comments B, C is an LR pair on V. Next we show that O, A is an LR pair on V. 
Dehne where /Sq = 1 and /3j_i//9j = for 1 < i < d. Note that 

= AA§. With respect to the basis {vi}f^Q the matrix representing A§ is npper triangnlar 
and Toeplitz, with parameters Therefore A§ is invertible. (In fact A^ is the inverse 

of A = althongh we do not need this resnlt). Observe that {A^Vd-j}f=o ^ 

decomposition of V that is raised by A. Using the matrices dehning A, C one checks that 
{A§U,_,}to is lowered by C. By these comments U, A is an LR pair on V. We have shown 
that A, B, C is an LR triple on V. Using the matrices dehning A, B, C we hnd that this LR 
triple is the desired one. 

(ii) Let A,B,C denote an LR triple listed in Examples 128.111^8.21 By assnmption A,B,C 
is over F, diameter d, nonbipartite, and normalized. We check that A, B,C is not in 
NBWeyl^(F). The matrix 

/ 1 1 1 \ 

(PO ^2 

\ (P2 (P3 / 

has determinant —(g + for NBGrf(F;g), and —4 for NBGrf(F; 1). In each 

case the determinant is nonzero. Gonseqnently, there does not exist a, 6, c in F that are not 
all zero snch that a + 6 + c = 0 and a(pi-i + bifi + api+i = 0 for 1 < i < d. Therefore A, B, C 
is not in NBWeyl^(F). We check that the seqnence from Dehnition ll7.7l is geometric. 

For 0 < i < d — 1 the scalar pi = ipi+i/ipd-i is eqnal to g 2 i-d+i NBGd(F;g), and 1 for 
NBGd(F;l). Therefore {pijflQ is geometric. We have shown that A,B,C is contained in 
NBGd(F). 

(iii) Among the LR triples listed in Examples 128.11128.21 no two have the same parameter 

array. Therefore no two are isomorphic. □ 

Theorem 28.4. For d > 2, each LR triple in NBGrf(F) is isomorphic to a unique LR triple 
listed in Examples \28.1\ \28.A 

Proof. Let A, B, C denote an LR triple in NBGd(F), with parameter array fl44D and Toeplitz 
data (l5T|) . Recall the seqnence {pi]fZQ from Dehnition 117.71 This seqnence is constrained 
by Proposition 125.71 and geometric by the dehnition of NBGd(F). Therefore there exists 
0 ^ r G F snch that 


pi = Por 

pI = 


(0 < i < d — 1), 


By assnmption A, B, C is nonbipartite and normalized, so ai 
0(2 A ^2 = ^ from above Lemma 112.51 Dehne 


q = 



if 02 7^ 0; 
if 02 = 0. 


1 and j3i 


(162) 

(163) 

—1. Also 


(164) 
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( 165 ) 


Conceivably g = 0 or g = 1. Using (52 = qa 2 and a 2 + (52 = 1, we obtain q ^ —1 and 


0l2 — 


1 

1 + g’ 


^2 


q 

1 + q' 


If g = oo then (52 = 5. Evaluating fll52p using fll65p we obtain 


Pi 


q(Pi - (g + l)(^i+i + (Pi +2 
g + 1 


(0 < f < d - 1). 


(166) 


If g = oo then fll 66 p becomes Pi = (fi — (fi+i for 0 < i < d — 1. Until further notice, assume 
that g 7 ^ 0, g 7 ^ cx), and 1, g, r are mutually distinct. Define 


{q + l)Po 

(g — r)(l — r) 


(167) 


Note that L 7 ^ 0. Since g 7 ^ 1, there exist H,K such that pi = H + Kq^ + Lr* for i = 0 
and i = 1. Using (11621) . (11661) and induction on i, we obtain 


ifi = H + Kq^ + Lr^ (0 < i < d + 1). 


(168) 


We have iC 7 ^ 0; otherwise — (r + l)(pi + (^j+i = 0 (1 < i < d), putting A,B,C in 

NBWeyl^(F) for a contradiction. Since po = 0 and pd+i = 0, 

0 = H + K + L, 0 = H + Kq'^^^ + Lr'^^K (169) 


For 0 < i < d + 1 define 

Ai = - poA~^(pd-i+i- (170) 

We claim A* = 0. This is the case for f = 0 and f = d + 1, since (po = 0 and pd+i = 0. For 
1 < i < d we have Ai = pi — pi^ipd-i+i by (I162p . and this is zero by (I128p . The claim is 
proven. For 0<i<d+l,in the equation A, = 0 we evaluate the left-hand side using fll 68 p . 
fll70p to hnd that the following linear combination is zero: 


term 

1 g* r* {'f/qY 

coefficient 

H — Lpqt^ K L — Hpor~^ —KpQq'^~^^r~^ 


By assumption l,g,r are mutually distinct. Also iC 7 ^ 0 and d > 2. We show r = g^. 
Assume r 7 ^ g^. Then l,g,r, r/g are mutually distinct. Setting i = 0,1, 2, 3 in the above 
table, we obtain a 4 x 4 homogeneous linear system with coefficient matrix 

/111 1 \ 

1 g r r/g 

1 g^ {'f'/qY 

y 1 g^ iA/qY 

This matrix is Vandermonde and hence invertible. Therefore each coefficient in the table is 
zero. The coeffient K is nonzero, for a contradiction. Consequently r = q^. From further 
examination of the coefficients in the table, 

H = LporY K = L = Hp,r-\ (171) 
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By fll7ip and r = q‘^ we find Po = and H = By these comments and fll67p we 

obtain 


H = q{q-l)-\ L = q-\q-l)-\ 


Evalnating (11681) using fll72p and K = —H — L, we obtain 




g(g* — l)(g* ^ — 1) 


(1 < i < d). 


(172) 


(173) 


From (11731) and since the are nonzero, we obtain g* 7 ^ 1 (1 < i < d). Note that 

gd+i ^ _X; otherwise (11731) becomes tpi = g(l — g^*)(g —1)“^ (1 < < d), forcing —(g + 
g“^)(^i + q~^p)i+i = 0 (1 < i < d), putting A,B,C in NBWeyl^(F) for a contradiction. We 
have met the requirements of Example 128.11 so A, B, C is isomorphic to NBGd(F; q). We are 
done with the case in which q ^ q ^ 00, and l,g,r are mutually distinct. Until further 
notice, assume that 1 = g = r. We have 1 = g 7 ^ —1, so Char(F) 7 ^ 2. By (11621) . (I163p we 
obtain p* = po for 0 < i < d — 1, and pp = 1. By (11661) . 


2po = Pi - 2(pi+i + (pi+2 {0 <i <d-l). 


(174) 


Dehne Q = pi — po, and note that pi = i{Q + poi) for i = 0 and i = 1. By (I174p and 
induction on i. 


Pi = i{Q + poi) (0<z<d + l). (175) 

Mimicking the argument below (I170p . we hnd that for 0 < i < d + 1, 

Q = Pi-PoPd-i+i. (176) 

Evaluate the right-hand side of (11761) using (11751) and Pq = 1, to hnd that the following linear 
combination is zero: 


term 

1 i 

coefficient 

—(d -|- 1 )(d -|-1 -|- poQ) 2 (d -|- 1 ) -|- Q{1 -|- Po) Po — 1 


Since d > 2, each coefficient in the table is zero. Therefore po = 1 and Q = —d — 1. By this 
and (11751) . 


Pi = i{i — d — 1) (1 < f < d). (177) 

By (11771) and since {pi}f^i are nonzero, Char(F) is 0 or greater than d. We have met the 
requirements of Example 128.21 so A,B,C is isomorphic to NBGd(F; 1). We are done with 
the case 1 = g = r. The remaining cases are (a) g = 0 and r 7 ^ 1; (b) g = 0 and r = 1; (c) 
q = 00 and r 7 ^ 1 ; (d) g = cx) and r = 1 ; (e) 1 = g 7 ^ r; (f) 1 7 ^ g = r; (g) 1 = r 7 ^ g and 
Q oo- Each case (a)--(g) is handled in a manner similar to the hrst two. In each case 

we obtain a contradiction; the details are routine and omitted. We have shown that A, B,C 
is isomorphic to at least one LR triple in Examples 128.11128.21 The result follows in view of 
Lemma [28.3f hi). □ 
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Lemma 28.5. Assume d > 2. Let A,B,C denote an LR triple in NBGrf(F). 
0 < i < d — 1 the scalar pi from Definition\17.T\ satisfies 


Then for 


case 

NBGrf(F;g) 

NBGrf(F; 1) 

pi 

^ 2 ^—rf-j-l 

1 


Proof. Compute pi = ipi+i/ipd-i using the data in Examples I28.1[ f2E72\ □ 

29 The classification of LR triples in NBNG(i(F) 

In this section we classify up to isomorphism the LR triples in NBNG(i(F), for even d > 4. 
We first describe some examples. 

Example 29.1. The LR triple NBNGrf(F; f) is over F, diameter d, nonbipartite, normalized, 
and satishes 


d > 4; d is even; 0 7 ^ f G F; 

fi {l<i< d/2)] ^ 1 ; 


Ti 


— 1 if i is even; 

^{i-d-i )/2 _ ^ if i is odd 


(1 < z < d). 


Lemma 29.2. For the LR triples in Example \29. li (i) they exist; (ii) they are contained in 
NBNGrf(F); (hi) they are mutually nonisomorphic. 

Proof, (i) Similar to the proof of Lemma [28.3l i). except that the sequences 
are now dehned as follows: ao = 1 , /So = 1 and for 1 < z < d, 

= 1 - A- 2 /A = 1 - (if i is even), 

ai = at-i, fii = -fii-i (if z is odd). 


(ii) Let A, B,C denote an LR triple listed in Example 129.11 By assumption A, B,C is over 
F, diameter d, nonbipartite, and normalized. We check that the sequence {pi]’/zl from 
Definition 117.71 is not geometric. For 0 < z < d — 1 the scalar pi = pi^i/pd-i is equal to 

^ jg 0 ven) and —(if z is odd). By this and since t^^^ 7 ^ 1, the sequence 
{Pi}f=o is aot geometric. By these comments A,B,C is contained in NBNGrf(F). 

(iii) Similar to the proof of Lemma [28.3f iiiL □ 

Theorem 29.3. Assume that d is even and at least 4- Then each LR triple in NBNGd(F) 
is isomorphic to a unique LR triple listed in Example \29.1i 

Proof. Let R, R, C denote an LR triple in NBNGc/(F), with parameter array (1441) and Toeplitz 
data (154)) . Recall the sequence {pi]/ZQ from Definition 117.71 This sequence is constrained 
by Proposition 125.71 so by Proposition 111.41 there exists 0 7 ^ f G F such that 


if i is even; 

Pg jf ^ jg Qgjgj 


(0 < z < d - 1 ). 


(178) 
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( 179 ) 


By assumption {pi}f^Q is not geometric, so by Lemma [TT3](iv), 


Po t 


l-d 


We claim that 

t{(pi-2 - (fi-i) = p>i - ^Pi+i {2<i<d). (180) 

To prove the claim, consider the scalars a, b, c from Dehnition 125.31 By Lemma 125.51 the 
3-tuple (a, b, c) is a linear constraint for {pi}^!^ in the sense of Dehnition 111.71 Now using 
Dehnition 111.91 and Proposition Ill.lOf iil we obtain a = —tc and 6 = 0. The claim follows 
from this and Lemma [25.41 We show that t 1. Suppose t = 1. By (11801) . for 2 < i < d we 
have 


^i — 2 ^i—1 


( 181 ) 


Sum (11811) over i = 2,3,... ,d and use (po = 0 = (fd+i to obtain —^pd-i = ^ 2 - Set i = d — 2 
in (I128D and use (I178p with f = 1 to hnd po = ^d-i/pi = — 1, which contradicts (I179p . We 
have shown t 1. There exist H,K,L & ¥ such that for i = 0,1, 2, 


Pi 


H + if i is even; 

R + if i is odd. 


(182) 


By (I180|) and induction on i, (I182p holds for 0 < z < d -|- 1. Using <po = 0 and pd+i = 0, we 
obtain H + K = Q and H + L = Q. Now (11821) becomes 


Pi 


H{1 — p/^) if i is even; 

77(1 - fh-<i-i)/ 2 ) if i is odd 


(1 < z < d). 


(183) 


The scalars {pi}f^i are nonzero. Consequently 77 7 ^ 0, and P ^ 1 for 1 < z < d/2. Evaluating 
Po = Pi/Pd using (I183P we obtain po = —Now (11781) becomes 


_f(* d)/2 ^ jg even; 

-fh+i)/2 if i is odd 


(0 < z < (7 — 1 ), 


(184) 


and (I179p becomes 7 ^ 1. We show 77 = —1. As in the proof of Theorem 128.41 there 
exists g G F U {cxd} such that g 7 ^ —1 and 


pi 


qpi - (g + l)pi+i + Pi+2 
q + l 


(0 < z < d - 1 ). 


Evaluate the recursion (I185p using (I183p . (I184p . For z even this gives 


(185) 


1 + 77 -^ = (186) 

g -7 1 

and for z odd this gives 

1 + 77-1 = i±lf-d/2-i_ (137) 

g + 1 


128 
















































Combining fll86p . fll87p we obtain 

(g + t)(l ^ ^ 

q + l 

But 7 ^ 1, so g = —t, and therefore H = —1 va view of fll86p . Setting if = —1 in fll83|) 
we obtain 




— 1 if i is even; 

t(i-rf-i)/2 _ 1 if ^ ig 


(1 < i < d). 


We have met the requirements of Example 129.11 so A,B,C is isomorphic to NBNGd(F;t). 
We have shown that A, B, C is isomorphic to at least one LR triple in Example 129.11 The 
result follows in view of Lemma I29.2f iiii . □ 

We record a fact from the proof of Theorem 129.31 


Lemma 29.4. Assume that d is even and at least 4. Let A,B,C denote an LR triple in 
NBNGrf(F). Then for 0 < i < d — 1 the scalar pi from Definition \17. ?| satisfies 


_tii d)/2 if ^ ig 

_td+l)/2 if i is odd. 


30 The classification of LR triples in Bd(F) 

In this section we classify up to isomorphism the LR triples in Bd(F), for even d >2. We 
hrst describe some examples. 

Example 30.1. The LR triple Bc;(F; f, po, p'qi Pq) is over F, diameter d, bipartite, normalized, 
and satishes 


d > 4; 


d is even; 


O^teF; 


f {l<i< d/2); 


Po, Po, Po ^ 

PoPoPo = 


Ti = \ 

l-P/2 

Po l-t 

if i is even; 

if i is odd 

(1 < t < d); 

\ 

PO 1-i 



^ J 

Po l-t 

t l-P*-<i-l)/2 

if i is even; 

if i is odd 

(1 < i < d); 


^ P'o 


Ti = < 

(j! 1—y/2 

1 Po l-t 

if i is even; 

if i is odd 

(1 < t < d) 


. Po 
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and satisfies 


,2. The LR triple Brf( 

;F;1,Po,, 

p'o^Po) is 

over F, diameter d, bipartite. 

d > 4; 


d is even; 

Char(F) is 

0 or greater than d/2] 

0 

0 

Po e F: 

1 


PoPoPo 

= -i; 


I 

^ ipo 

if* 

is even; 


(i< 

i < d)] 

Ti = { 

2 

i—d—1 

< 2po 

if i 

is odd 


, 1 

' iPo 

if i 

is even; 


(i< 

i < d)] 

"■H 

i-d-i 
< ^p'o 

if i 

is odd 



ff 

if i 

is even; 


(i< 

i < d). 

p'l = < 

\ i—d—1 

[ ‘ip'i 

if i 

is odd 



Example 30.3. The LR triple B 2 (F; Po^Po^do) diameter 2, bipartite, normalized, 

and satisfies 


Poi Poi Po ^ PoPoPo ~ li 

(pi = -l/po, (p'i = -l/po, (p" = -l/po, 

P2 = PO) P2 ~ P01 P2 ~ Po- 

Lemma 30.4. For the LR triples in Examples \S0.1\\S0. ,91 (i) they exist; 
tained in B(i(F); (hi) they are mutually nonisomorphic. 


pi 


they are con- 


Proof. Withont loss we may assnme d > 4, since for d = 2 the resnlt follows from Lemma 

MM 

(i) In Example 130.11 we see a parameter f G F. For Example 130.21 define t = 1. We proceed 
as in the proof of Lemma r28.3lf iL except that now a* = 0 for 0 < i < d and the seqnences 
{/3i}f=o dehned as follows: = 1 and for 1 < i < d. 


Oii-2l Oii 

0 , 


i/2-1 

E*‘ 


fc =0 


A 


0 


i/ 2-1 

A- 2 /A = 

k=0 

(if i is odd). 


(if i is even). 


(ii) By construction. 

(hi) Similar to the proof of Lemma [28.31 1111. □ 


Theorem 30.5. Assume that d is even and at least 2. Then each LR triple in Brf(F) is 
isomorphic to a unique LR triple listed in Examples \S0. iffdRll 


Proof. Without loss we may assume d > 4, since for d = 2 the result follows from Lemma 
124.41 Let A, B, C denote an LR triple in Bd(F), with parameter array (1441) and Toeplitz data 
fl5T)l . Recall the sequences {pi}iZo^ {p'i}i=o^ {Pi}i=o Definition 117.151 These sequences 
are constrained by Proposition 125.121 and related to each other by Lemma [17. 17l iii). So by 
Proposition 111.41 there exists 0 A t G F such that for 0 < i < d — 1, 

PL=Pi = Pa = f/2 if ■ ig (fgg) 

Po Po Po 

P^Po = p'p'o = p'IPo = if ^ is odd. (189) 
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We now compute By Lemma [25.91 and since A,B,C is normalized, 


pi Pi-\-2 Pi 

By this and since tpo = Q = p>d+i) 

Po + P2 + P4 + • • • + pi-2 


(0 < z < d - 1). 




if i is even; 
-pi - pi +2 - pi+i - Pd-i if i is odd 


(1 < z < d). 


(190) 


Evaluate (11901) using (11881) . (I189p to obtain the formula for given in Example 130.11 

(if f 7 ^ 1) or Example 130.21 (if t = 1). We similarly obtain the formulae for 
given in Examples 130.11130.21 Using these formulae and po = obtain the formula 

for PoPqPq given in Examples 130.11 130.21 For the moment assume that t 1. Then for 
1 < z < d/2, P ^ 1 since ip 2 i 7^ 0. We have met the requirements of Example 130.11 so 
A,B,C is isomorphic to Bd(¥;t, po, p^, p'/). Next assume that t = 1. Then for 1 < z < d/2, 
z 7 ^ 0 in F since (p 2 i 7^ 0. Therefore Char(F) is 0 or greater than d/2. We have met the 
requirements of Example 130.21 so A,B,C is isomorphic to Bd(F; 1, po, Po, Po)- summary, 
we have shown that A, B, C is isomorphic to at least one LR triple in Examples 130.11130.21 
The result follows in view of Lemma 130. df iiih □ 

We record a result from the proof of Theorem 130.51 


Lemma 30.6. Assume that d is even and at least 2. Let A, B, C denote an LR triple in 
Brf(F). Then for 0 < i < d — 1 the scalars Pi, p'i, p'/ from Definition \17.15\ are described as 
follows. For Bd(F;f,po,Po,Po); 


pi 


P 


/ 

i 


Pi 


Pof^"^ if z is even; 

if z is odd; 


Pof*/^ if z is even; 

if f is odd; 


Po'pf^ if z is even; 

(Po)“^fd-'i+l)/2 if I ig Q(fcf. 


For Bd(F; 1, po, Po, Po) and B 2 (F; po, Po, Po), 



Po 

if 

z is 

even; 

Pp 

if 

z is 

odd; 

Po 


if z 

is 

even; 

(p[,) 

-1 

if z 

is 

odd; 

Po 


if z 

is 

even: 

(p[,') 

-1 

if z 

is 

odd. 


Proof. For d > 4 use (11881) . (11891) . For d = 2 use Dehnition 117.151 and Example 130.31 □ 
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We have now classified up to isomorphism the normalized LR triples over F that have diam¬ 
eter d > 2. 

Recall the similarity relation for LR triples, from Definition 113.121 


Corollary 30.7. Consider the set of LR triples eonsisting of the LR triple in Lemma 24 .^ 
and the LR triples in Examples \27.1W27.'^ \28.1[ \28.2\. \29.1[ Each nonbipartite LR triple 
over F is similar to a unique LR triple in this set. 


Proof. By Definition 113.121 Corollary 118.71 Lemma 124.21 and Theorems 127.51128.41129.31 □ 

Recall the bisimilarity relation for bipartite LR triples, from Definition 116.361 


Corollary 30.8. Consider the set of LR triples consisting of Examples [223H22I3 Each 
nontrival bipartite LR triple over F is bisimilar to a unique LR triple in this set. 

Proof. By Definition 116.361 Corollary 118.161 and Theorem 130.51 □ 


31 The Toeplitz data and unipotent maps 


Throughout this section the following notation is in effect. Let V denote a vector space over 
F with dimension d + 1. Let A,B,C denote an equitable LR triple on V, with parameter 
array fl4T|) and Toeplitz data fl5T|) . By Definition 117.11 we have Oj = o' = a'f for 0 < i < d, 
and by Lemma fl 7. 31 we have (3i = = fd” for 0 < i < d. Recall the unipotent maps A, B, C 

from Definition 121.11 By Proposition 121.131 


d d 

K = ^aiA\ ® = 

2=0 2=0 

d 

K-^ = ^ldiA\ B-i = 

i=0 

Since A, B, C are Nil, 

^d+l ^ ^d+1 ^ 


d 


yiB\ 

d 

C = ^a,C'*, 

i=0 

d 

(191) 

i=0 

i=0 

(192) 

0, 

= 0. 

(193) 


In this section we compute for the cases NBG(i(F), NBNGrf(F), Brf(F). In 

each case, we relate A, B, C to the exponential function or quantum exponential function. 
We now recall these functions. In what follows, A denotes an indeterminate. The infinite 
series that we will encounter should be viewed as formal sums; their convergence is not an 
issue. 


Definition 31.1. Define 


\2 

exp(A) = 5^-, 

i=0 

where iV = 00 if Ghar(F) = 0, and iV -|- 1 = Ghar(F) if Ghar(F) > 0. 
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Definition 31.2. For a nonzero g G F such that g 7^ 1, define 


expg(A) 


E 


_V_ 

(1)(1 + g)(l + g + g2) ■ ■ ■ (1 + g + g2 H-h g*“^) ’ 


where N = 00 ii q is not a root of unity, and otherwise g is a primitive {N + l)-root of unity. 

Proposition 31.3. Assume that A, B,C is in NBGrf(F) or NBNGd(F) or Bd(F). Then the 
scalars and maps A, B, C are described as follows. 

Case NBGd(F;g). For 0 <i <d, 


1 

Q/ ■ = - 

(1)(1 + g)(l + g + g2) ■ ■ ■ (1 + g + g2 H-h g*“^) ’ 

g, ^ _ 

(1)(1 + g)(l + g + g2) ■ ■ ■ (1 + g + g2 H-h g*“^) 

_(zll^__ 

(1)(1 + g“^)(l + q~^ + g“^) ■ ■ ■ (1 + g“^ + g-2 H-h g^“*)' 

Moreover, 

A = expg (A), B = expg (F), C = exp^ (C), 

= expg-i(—A), B“^ = expg-i(—F), = expg-i(—C). 

Case NBGd(F; 1). For 0 < i < d, 


Moreover, 


A = exp (A), 

A~^ = exp(—A), 


B = exp(F), C = exp(C), 

B-^ = exp(-F), = exp(-C'). 


Case NBNG(i(F;t). For 0 <i < d/2, 


Oi2i 


/^2i 


For 0 < f < d/2 — 1, 


1 

1 


Oi2i+l — Ol2i, 


I32i+1 — —/d2i- 
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Moreover, 


A = (/ + A)expt (y^) ) A ^ = (/ - A)exp4-i (, 

B = (/ + 5)expt (y^) ) = (^ - 5)expt-i (j^pp), 

C = (/ + C)exp,(Y^), C-‘ = (/ - C)exp,-. 

Case Bd(F;t,po,Po,Po)- ForQ <i<dl2, 

_ 1 

^ (l)(l + t)(l+t + t2)...(l + t + t2 + ... + t*-l)’ 

. ^ _ 

(1)(1 + t)(l + t + t2) . . . (1 + t + t2 + . . . + ^i-l) 

_(zll^_ 

(1)(1 + t-l)(l + + t-2) . . . (1 + t-1 + t-2 + . . . + t^-i) • 

For Q < i < d/2 — 1, 

0^22+1 = 0, P2i+1 = 0. 


Moreover, 


A = expi(A2), B = exp^{B‘^), C = exp*(C^), 

A“^ = expj-i(—A^), B“^ = expj-i(—5^), C“^ = exp^-i (—C^). 


Case Bd(F; l,po,Po,Po)- For 0 < i < d/2, 


For 0 < i < d/2 — 1, 



/^2i — 


(- 1 )* 


«22+1 — 0, 


/^22+1 — 0. 


Moreover, 

A = exp(A^), B = exp(i?^), C = exp(C^), 

A“^ = exp(—A^), B“^ = exp(—5^), C“^ = exp(—C^). 

Case B2 (F;po,Po)Po)- Same as Bd(F; l;po,Po)PoO d = 2. 

Proof. Compute as follows. In each nonbipartite case, use Proposition 115.14] 

and induction, together with 


tto — 1, «! — 1, /3o — 1, A — ~1- 

In each bipartite case, use Proposition 115.121 and induction, together with 

(To = 15 «! = 0, a;2 = 1, A = 1) A = O 5 A = ~1- 

Our assertions about A, B, C follow from fll91l) - (ll93p and Dehnitions 131.11131.21 □ 
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32 Relations for LR triples 

In this section we consider the relations satished by an LR triple A,B,C. In order to 
motivate our results, assume for the moment that A, B, C has g-Weyl type, in the sense of 
Dehnition 115.241 Then A, B, C satisfy the relations in fll04p and Lemma ri5.30l Next assume 
that A, B, C is contained in NBGd(F) or NBNGrf(F) or Brf(F). We show that A, B, C satisfy 
some analogous relations. We treat the nonbipartite cases NBGrf(F), NBNGrf(F) and the 
bipartite case Bd(F) separately. 

Proposition 32.1. Let A,B,C denote an LR triple in NBGd(F) or NBNGrf(F). Then 
A, B, C satisfy the following relations. 

Case NBGd(F;g). We have 

A^B — q{l + q)ABA + q^BA^ = g(l + g)R, 

B‘^C - q{l + q)BCB + q^CB"^ = q{l + q)B, 

C^A - q(l + q)CAC + q^AC^ = q(l + q)C 


and also 

AB'^ — g(l + q)BAB + q^B'^A = q{l + q)B, 

BC^ - q{l + q)CBC + q^C^B = q{l + q)C, 

CA^ - q(l + q)ACA + q^A^C = q(l + q)A. 

We have 

A{I + {BC - qCB){l - q-^)) = qB + q-^C + qCB - q-^BC, 
R(/ + {CA - qAC){l - q-^)) =qC + q-^A + qAC - q-^CA, 
C{I + {AB - qBA){l - q-^)) = qA + q-^B + qBA - q-^AB 

and also 

(/ + {BC - qCB){l - q-^))A = q-^B + qC + qCB - q-^BC, 
(/ + {CA - qAC){l - q-^))B = q-^C + qA + qAC - q-^CA, 
(/ + {AB - qBA){l - q~^))C = q-^A + qB + qBA - q-^AB. 

We have 

ABC - BCA + q{CBA- ACB) = {l + q){B-C), 
BCA-CAB + q{ACB-BAC) = {l + q){C-A), 

CAB - ABC+ q{BAC-CBA) = {l + q){A-B) 

and also 


(1 + 2q-^){ABC + BCA + CAB) - (1 + 2q){CBA + ACB + BAC) 

3(g‘^ — “ 1) r 


= {q-q-^){A + B + C) 


q‘^{q-iy^ 
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Case NBGrf(F;l). We have 

[A,[A,B]]=2A, [B,[B,A]]=2B, 

[B, [5, C]] = 25, [C, [C, B]] = 2C, 

[C, [C, A]] = 2C, [A[AC']] = 2A 

and also 

A = B + C -[B,C], B = C + A-[C,A], C = A + B -[A,B]. 
We have 

[A [5,C]] = 2(5-C), 

[5, [C,A] = 2(C-A, 

[C, [A,B]] = 2{A-B) 

and also 


ABC + BCA + CAB - CBA - ACB - BAC = -d{d + 2)1. 
Case NBNGrf(F;t). We have 
A^B - tBA^ 


AB'^ 


-1 

tB^A 


t 


= -A 

= -5, 


B^C - tCB^ 


BC^ 


-1 

tC^B 


t 


= -B, 

= -c, 


C^A - tAC^ 
l-t 

CA^ - tA^C 
1 -1 


-A 


and also 


ABC - tCBA 
1 -1 

BCA - tACB 
1 -1 

CAB - tBAC 
1 -1 


+ A + C 


B + A 


+ C + B 


1 - t ’ 

(l_t-i/2)(l_il+rf/2) 
(l_t-<i/2)(l_il+rf/2) ^ 

l-t 


Proof. To verify these relations, represent A,B,C by matrices, nsing for example the hrst 
row of the table in Proposition 113.391 □ 

Remark 32.2. In [H p. 308] G. Benkart and T. Roby introdnce the concept of a down-np 
algebra. Gonsider an LR triple A, B, C from Proposition 132.11 By that proposition, any two 
of A, B,C satisfy the dehning relations for a down-np algebra. 

Let A, B, C denote an LR triple in Bd(F), and consider its projector J from Dehnition 116.241 
By Lemma 116.261 we have = J, and by Lemma 116.271 

A = JA + AJ, B = JB + BJ, C = JC + CJ. 
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Proposition 32.3. Let A, B, C denote an LR triple in Brf(F). Then A, B, C and its projector 
J satisfy the following relations. 

Case B(i(F; t, po, Po; Po)- have 


{joqAB + p'qPqBA — 

(p;bc + *„cb- 


_ f-d/-2 

- tl 

— t 


J 


i-r^/2 . 

—;- ) 

1-t J 


J 


(pi'CA + pop'„AC 


1 - s 

—;- ] 

1-t J 


J 


0 , 

0 , 

0 


and also 


We have 


/ 1 — f 1 \ 

[(fJ^AB + ppABA - (I-J) = 0> 

(p'o'po^C^ + d^tCB - d-J) = 0, 

/ 1 — \ 

[pop'oCA + p”tAC - d-J) = 0 - 


{A^B - tBA^ - {t/po)A)J = 0, 
- tCB"^ - {t/p'o)B)J = 0, 
{C^A - tAC^ - {t/pl)C).J = 0, 


J{A^B - tBA^ - pqA) = 0, 
J{B^C - tCB^ - p'qB) = 0, 
J{C^A - tAC^ - pIC) = 0 


and also 


J{AB^ - tB^A - {t/po)B) = 0, 
J{BC^ - tC^B - it/p'YC) = 0, 
J{CA^ - tA^C - {t/pl)A) = 0, 


{AB^ -tB^A- poB).J = 0, 
{BC^ -tC^B - p'qC)J = 0, 
(CA^ - tA^C - p''A).J = 0. 


We have 


A^B + A^BA - tABA^ - tBA^ = (po + t/po)A\ 
B^C + B^CB - tBCB^ - tCB^ = (p'p + t/p'^B^, 
+ C^AC - tCAC^ - tAC^ = (p" + t/p'oOC^ 


and also 


AB^ + BAB"^ - tB^AB - tB^A = (po + t/po)B^, 
BC^ + CBC^ - tC^BC - tC^B = {p'^ + t/p'^C^, 
CA^ + ACA^ - tA^CA - tA^C = (p" + t/pl)A^. 
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We have 


(^ABC- 

[bca- 

(CAB- 


tA - potB + pop'qC 
Po(l - t) 

tB - p'^tC + p'qpIA 
Po(l -^) 

tC - pit A + pIpqB 
Po(l -^) 


J 

J 

J 


and also 


j{abc- 

j[bca- 

J(CAB - 


PqP'qA - p'otB + tC x 
poil-t) ) 
MB - pptC + tA \ 
M-t) ) 
p'qPoC - Pot A + tB\ 
M-t) ) 


We have 


0 , 

0 , 

0 , 

0 , 

0 , 

0 , 


{CBA- 

[acb- 

[bac- 


~ PqB + PoPqC\ 

Wm ^ 

tB - p'qC + PoPoA \ 

M -1) ) 

tC - p''A + pIpoB\ 

Po(l-t) ) 


0 , 

0 , 

0 


J{CBA- 

j[acb- 

j[bac- 


PoP'qA - p'qB + tC \ 

Po{l-t) ) 

MB - p'^C + 

p'(l-t) ) 

p'oPoC - pqA + tB\ 

M -1) ) 


0 , 

0 , 

0 . 


{ABC - CBA - {po/p'o)B)J = 0, J{ABC - CBA - {p'JP q)B) 

{BCA - ACB - {p'o/pl)C)J = 0, J{BCA - ACB - {po/p'o)C) 

{CAB - BAC - {pI/po)A)J = 0, J{CAB - BAC - {po/pi)A) 

Case B(i(F; 1, po, Po, Po)- have 


{PqAB + pIpIBA + {d/2)I)J — 0, 
{plBC + pIpoCB + {d/2)I)J = 0, 
{plCA + poplAC + {d/2)I)J = 0 

and also 

{pIpI^B + PqB A H -^ {! — .]) = 0, 

(pi'PoSC + piCB + (/ - J) = 0, 

(popiCA + pIAC + ^/) (/ - J) = 0, 

We have 


0 , 

0 , 

0 . 


{A^B - BA^ - A/po)J = 
{B^C -CB^ - B/pI)J = 
{C^A - AC^ - C/pI)J = 0, 

and also 

J{AB^ - B^A - B/po) = 0, 
J{BC^ - C^B - C/pI) = 0, 
J{CA^ - A^C - A/pI) = 0, 


J{A^B - BA^ - poA) = 0, 
J{B^C - CB^ - pIB) = 0, 
J{C‘^A - AC^ - pIC) = 0 

{AB^ - B^A- poB)J = 0, 
{BC^ -C^B - pIC)J = 0, 
{CA^ - A^C - pIA)J = 0. 
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We have 

A^B + A^BA - ABA^ - BA^ = (po + l/po)^^ 

B^C + B^CB - BCB^ - CB^ = (p'o + l/po)^^ 

C^A + C^AC - CAC^ - AC^ = (p" + l/p'^)C^ 

and also 

AB^ + BAB^ - B^AB - B^A = (po + l/po)^^ 

BC^ + CBC^ - C^BC - C^B = (p[, + l/Po)C^, 

CA^ + ACA^ - A^CA - A^C = (p" + l/p'o)A^. 

We have 

(A - Bpo - C/pI)J = 0, J{A - B/po - Cpl) = 0, 

{B - Cp'^ - A/po)J = 0, J{B - C/p'^ - Apo) = 0, 

(C - Ap" - B/p',)J = 0, J{C - A/p'' - Bp',) = 0. 

Case B 2 (F;Po,Po,PoO- Same as B(i(F; 1,po,Po,Po) with d = 2, where we interpret d/2 = 1 
and (d + 2)/2 = 0 if Char(F) = 2. 

Proof. To verify these relations, represent A, B, C, J by matrices, using for example the hrst 
row of the table in Proposition 113.391 along with Lemma 116.281 □ 


33 The quantum algebra Uq{5i2) and the Lie algebra 5(2 


In this section, we discuss how LR triples are related to the quantum algebra Uq{sl 2 ) and 
the Lie algebra sh- 

Until further notice, assume that the held F is arbitrary, and hx a nonzero g G F such that 
7 ^ 1. We recall the algebra ^^(sh). We will use the equitable presentation, which was 
introduced in [T 8 ] . 


Definition 33.1. (See [TKl Theorem 2.1].) Let Uq{sl 2 ) denote the F-algebra with generators 
x,y^^,z and relations yy~^ = 1 , y~^y = 1 , 


qxy—q ^yx 

FT 


= 1 , 


qyz-q ^zy 

7-1 


q — q Q — Q 

The following subalgebra of is of interest. 


= 1 , 


qzx — q ^xz 


q-q 


-1 


= 1 . 


(194) 


Definition 33.2. Let [/^(sh) denote the subalgebra of Uq{sl 2 ) generated by x, y, z. We call 
U^{sl 2 ) the reduced Uq{5l2) algebra. 

Lemma 33.3. (See |22l Dehnition 10.6, Lemma 10.9].) The algebra U^{sl 2 ) has a presen¬ 
tation by generators x, p, z and relations 

qxy — q~^yx ^ qyz — q~^zy 

_1 5 _1 

q — q Q — Q 


qzx — q ^xz 


q-q 


-1 


= 1 . 


(195) 
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There is a central element A in that is often called the normalized Casimir element [2^ 

Dehnition 2.11]. The element A is eqnal to {q — times the Casimir element given 


in [THl Section 2.7]. By |22l Lemma 2.15], A 

is equal to each of the following: 


qx + q~^y + qz — qxyz, 

q~^x -\- qy q~^z — q~^zyx, 

(196) 

qy + q~^z -\- qx — qyzx, 

q~^y + qz -\- q~^x — q~^xzy, 

(197) 

qz + q~^x -\- qy — qzxy, 

q~^z -\- qx -\- q~^y — q~^yxz. 

(198) 


Note that A is contained in 

Recall from Definition 115.241 the LR triples of g-Weyl type. 

Proposition 33.4. Let A,B,C denote an LR triple overW that has q-Weyl type. Then the 
underlying vector space V becomes a U^{sl 2 )-module on which 

A = X, B = y, C = z. (199) 

The U^{sl 2 )-module V is irreducible. On the { 512 )-module V, 

A = ai{q- q~^)I, (200) 

where oi is the first Toeplitz number for A, B,C. 

Proof. Compare (1104|1 . (1195|1 to obtain the first assertion. The t/^(s[ 2 )-niodnle V is irre- 
dncible by (11991) and Lemma 113.201 To get (I200p . compare Lemma 115.301 and (I196p - (I198I) 
nsing (I199j) . □ 

We are done discnssing the LR triples of g-Weyl type. 

We return our attention to 17g(sl2). By [THl Lemma 5.1] we find that in Uq{sl 2 ), 

q{l-xy) = q~\l-yx), q{l - yz) = q~^{l - zy), q{l - zx) = q~^{l - xz). 

Definition 33.5. (See [TSl Dehnition 5.2].) Let denote the following elements in 

Uq{5{2): 

_ (l0 --yz) _ q-^{l-zy) 

q — q (1 ~ (1 

q{l — zx) q~^{l — xz) 

q—q Q~Q 

q{l-xy) q-\l-yx) 

= -rr =- 

q—q Q—Q 

Lemma 33.6. (See [T8| Lemma 5.4].) The following relations hold in t/q(5[2).' 

xuy = q'^HyX, XHz = q~‘^nzX, 

yuz = q^Uzy, yux = q~‘^nxy, 

zux = q'^UxZ, zuy = q~‘^nyZ. 
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Until further notice, let A, B, C denote an LR triple that is contained in NBGrf(F; q ^). Let 

V denote the underlying vector space. 

Definition 33.7. Define X,Y,Z in End(U) such that for 0 < f < d, X — (resp. 

Y — (resp. Z — vanishes on component i of the {B, C')-decomposition (resp. 

(G, R)-decomposition) (resp. (R, R)-decomposition) of V. Note that each of X, Y, Z is 
invertible. 

The next result is meant to clarify Definition 133.71 Recall the idempotent data fHHl) for 
A,B,C. 


Lemma 33.8. The elements X, Y, Z from Definition \33. 7| satisfy 

d d d 

x = j2 ^ = E 

2=0 2=0 2 = 0 


Proof. By Definition 133.71 and the meaning of the idempotent data. 


Lemma 33.9. The elements X, Y, Z from Definition \33. 7| satisfy 

(g + g-QJ - (g - q-^){q^BC - q-^CB) 

qd+i _|_ q-d-i 

y ^ (g + g-Q/ - (g - g~0(g^GA - q-^AC) 

qd+i q-d-i 

^ _ (g + q~^)I - (g - q~^){q^AB - q~‘^BA) 

qd+i _|_ q-d-i 


□ 


Proof. To verify the first equation, work with the matrices in Mat(i+i(F) that represent 
R, C, X with respect to a {B, G)-basis for V. For R, C these matrices are given in Proposition 
113.391 For X this matrix is diagonal, with (i,i)-entry 0 < i < d. The other two 

equations are similarly verified. □ 


Lemma 33.10. The elements X, Y, Z from Definition 33 .7 satisfy 


qXY - q-XX 


q-q 


-1 


= /, 


qYZ - q-^ZY 


q-q 


-1 


= /, 


qZX - q-^XZ 


q-q 


-1 


= /. 


Proof. To verify these equations, eliminate X, Y, Z using Lemma 133.91 and evaluate the 
result using the relations for NBGd(F;g“^) given in Proposition 132. ll □ 


Proposition 33.11. Let A,B,C denote an LR triple contained in NBGrf(F; g“^). Then 
there exists a unique Uq{sl 2 )-module structure on the underlying vector space V, such that 
for 0 < i < d, X — (resp. y — q'^-‘^^\j (resp. z — q^-‘^^\j vanishes on component i of the 

{B,C)-decomposition (resp. {C, A)-decomposition) (resp. [A, B)-decomposition) of V. The 
Uq{sl 2 )-module V is irreducible. On the Lfq{5{2)-module V, 


A = Ux, B = Uy, C = Uz- 


( 201 ) 
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Proof. The f/g( 5 h)-module structure exists, by Lemma [33.101 and since Y is invertible. The 
^ 2 )-module structure is unique by construction. On the 17g(s[2)-module V we have x = X, 
y = Y, z = Z. To verify fl20ip . eliminate n^, Uy, using Dehnition 133.51 and evaluate the 
result using Lemma 133.91 along with the relations for NBGd(F; q~‘^) given in Proposition 132. II 
The f/g(sl 2 )-module V is irreducible by (1201 p and Lemma 113. 201 □ 

We are done discussing the LR triples contained in NBGd(F;g“^). 

In a moment we will discuss the LR triples contained in NBNGd(F; q~^). To prepare for this, 
we have some comments about Gg(sl 2 ). 

Lemma 33.12. Assume that q^ 7 ^ 1. Then in [/^(sh), 


2 2 —2 2 
q X y — q yx 

q2 _ q-2 


= X, 


2 2 —2 2 
q y z — q zy 

q2 _ q-2 


= y, 


2 2 —2 2 
q z X — q xz 

q2 _ q-2 


= z. 


( 202 ) 


Proof. We verify the equation on the left in (12021) . In the equation on the left in (I194p . 
multiply each term on the left by x to get 


qx'^y — q ^xyx 


= X. 


(203) 


Also, in the equation on the left in (11941) . multiply each term on the right by x to get 


qxyx — q ^yx'^ 


q-q 


-1 


= X. 


Now in (I203p . eliminate xyx using (I204p to obtain the equation on the left in 
remaining equations in (I202p are similarly verified. 

Lemma 33.13. Assume that 7 ^ 1. Then in Uq{s[ 2 ), 


2 2 —2 2 
q xy — q y x 

q2 _ q-2 


= y, 


2 2 —2 2 
q yz — q z y 

q2 _ q-2 


= z. 


2 2 —2 2 
q zx — q X z 

q2 _ q-2 


= X. 


Proof. Similar to the proof of Lemma 133.121 
Lemma 33.14. Assume that 7 ^ 1. Then in Uq{sl 2 ) 

A 


g + g 


-1 


q^xyz — q~‘^zyx 

q2 _ q-2 

q^yzx — q~‘^xzy 

q2 _ q-2 

q^zxy — q~‘^yxz 

q2 _ q-2 


X — z 


y-x 


- z-y. 


(204) 

The 

□ 


(205) 

□ 

(206) 

(207) 

(208) 


Proof. We verify (I206p . We have 

A = qx + q~^y + qz — qxyz, 
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so 


We have 


gA = q^x + y + q^z — (fxyz. 


(209) 


A = q ^x + qy + q ^z — q ^zyx, 




so 


q ^A = q ^x + y + q ^z — q ^zyx. 


,-2 


-2„ -2, 


( 210 ) 


Subtract fl 210 p from fl209p and simplify to get fl206p . The equations fl207p . fl208p are similarly 
verihed. □ 

Definition 33.15. Let ^/^(sh) denote the F-algebra with generators x,y,z and relations 


qx^y — q ^yx'^ 

-ri-= 

q-q 

qxy^ — q~^y‘^x 

-ri— = -y, 

q-q 


9 —12 

qy z — q zy 

-ri— = -y^ 

q-q 

2 —12 

qyz — q z y 

q-q 


2 —12 
qz X — q xz 

-ri— = 

q-q 

2 —12 
qzx — q X z 

- —I -= 

q-q 


qxyz-q ^zyx qyzx - q ^xzy qzxy - q ^yxz 

+ x + z= -^- Vy + X = --- — - Vz + y. (211) 


q — q~^ q — q~^ <1 — <i~ 

We call U^{5{2) the extended ^^(sh) algebra. Let hi denote the common value of 02111 ) . 
Lemma 33.16. The element 12 from Definition I 1 ,51 is central in [/^(sh). 


7-1 


Proof. Using the relations from Dehnition 133.151 one checks that 12 commutes with each 
generator x, g, of [/^(sh). □ 

Lemma 33.17. Assume that 7 ^ 1 and there exists 2 G F such that = —1. Then there 
exists an W-algebra homomorhism ^/^(sh) —)• Uq{5{2) that sends 


X HG- IX, 


y zy, 


Z HG- zz. 


12 i-G- 


iA 


q + q 


-1 ■ 


Proof. Compare the relations in Lemmas 133.121(33.141 with the relations in Dehnition 133.151 

□ 

Proposition 33.18. Let A,B,C denote an LR triple contained in NBNGrf(F; g“^). Then 
the underlying vector space V becomes a U^{s[ 2 )-module on which 

A = X, B = y, C = z. 

The Ug {SI 2 )-module V is irreducible. On the { 512 )-module V, 

^ (gd/2 _ g-d/2jl-^l + d/2 _ g-l-d/2j ^ 


q-q 


-1 


( 212 ) 


(213) 


143 

































Proof. To get the first assertion and fl213p . compare the relations in Definition 133.151 with the 
relations for NBNGrf(F; given in Proposition 132. ll The f/®(s[ 2 )-niodnle V is irreducible 
by (12121) and Lemma [13.201 □ 

We are done discussing the LR triples contained in NBNGrf(F; 

Until further notice let A, B, C denote an LR triple that is contained in Bd(F; po, p^, p'^). 
Let V denote the underlying vector space, and let J denote the projector. 

Definition 33.19. Define X,Y,Z in End(U) such that ioi 0 < i < d, X — (resp. 

Y — (resp. Z — vanishes on component i of the (B, G)-decomposition (resp. 

{C, y4)-decomposition) (resp. (A, i?)-decomposition) of V. Note that each of X, Y, Z is 
invertible. 

Recall the idempotent data (jT8l) for A, B,C. 

Lemma 33.20. The elements X, Y, Z from Definition \33.19{ satisfy 

^=0 i=0 i=0 

Proof. By Definition 133.191 and the meaning of the idempotent data. □ 

Lemma 33.21. The elements X, Y, Z from Definition \33.19{ satisfy 

X = - BCq'-‘l^{q - q-^)p'„)J + - q-')l(W - J), 

Y = {q-^/^I - CAq^-‘^^‘^{q - q-^)pl)J + - CAq<^/^{q - q-^)/p'^{I - J), 

Z = {q-^/^I - ABq^-'^/^q - q-^)po)J + - ABq^l'^^q - q-^)/po){I - J). 

Proof. To verify the first equation, work with the matrices in Mat(i+i(F) that represent 
B, G, J, X with respect to a {B, G)-basis for V. For R, C these matrices are given in Propo¬ 
sition 113.391 For J this matrix is given in Lemma 116.281 For X this matrix is diagonal, with 
{i, i)-entry fQj^ 0 < i < d. The other two equations are similarly verified. □ 

Lemma 33.22. The elements X,Y,Z from Definition \33. 1 tA satisfy 

qXY - q-^YX _ qYZ - q-^ZY _ qZX - q-^XZ _ 

— 1 —1 —1 
q—q q~q q~q 

Proof. To verify these equations, eliminate X, U, Z using Lemma 133.211 and evaluate the 
result using the relations for Bd(F; po, Po) given in Proposition 132.31 □ 

Proposition 33.23. Let A,B,C denote an LR triple contained in Bd(F; po) Po^ Po)- 
Then there exists a unique Ug{sl 2 )-module structure on the underlying vector space V, such 
that for t) < i < d, X — q^P~^\ (resp. y — q^P~'^\ ) (resp. z — q^P~^\) vanishes on component 
i of the {B,C)-decomposition (resp. {C, A)-decomposition) (resp. {A, B)-decomposition) of 
V. For the Lfq{s\. 2 )-module V the subspaces Wut and Un are irreducible Lfq{5{2)-submodules. 
On the Lfq{5{2)-module V, 

A^ = n^, B^ = Uy, = Uz- (214) 
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Proof. The f/g(5h)-module structure exists, by Lemma [33.221 and since Y is invertible. The 
^2)-module structure is unique by construction. On the 17g(5[2)-module V we have x = X, 
y = Y, z = Z. To verify fl214|) . eliminate Uy, using Dehnition l33.5l and evaluate the re¬ 
sult using Lemma 133.2 II along with the relations for Bd(F; po, Pq, Pq) given in Proposition 
132.31 By construction 14ut and Idn are [/^(sh)-submodules of V. By Lemmas ll6.17l ITB.lSI the 
3-tuple A^, B^, acts on Kut and Idn as an LR triple. By these comments along with (12141) 
and Lemma ri3. 201 we find that the t/g(s(2)-submodules 14ut and 14n are irreducible. □ 

We mention some additional relations that hold on the [/^(sh)-module V from Proposition 
133.231 These relations may be of independent interest. 

Lemma 33.24. For the Uq{5\2)-module V from Proposition 1 33. 2B. we have 


xB = qBx, 
yA = q~^Ay, 


yC = qCy, 
zB = q~^Bz, 


zA = qAz, 
xC = q~^Cx 


and also 


We have 



Jx = X.J, 


Jy = yJ, 


Jz = zJ. 

(^AB - 

I — q^l'^z ^ 

1^^ = 

0, 

[ba- 

Poql - poq^~'^/‘^z\ 

poq{q-q~^)' 

q — q~^ 2 

[bc - 

I — q^l’^x '' 

)J = 

0, 

(cB- 

Poql - Poq^~'^^^x\ 

p'oq{q-q~^)' 

q — q~^ J 

(CA- 

I — q^l'^y ^ 

V = 

0, 

[ac - 

plqi - Poq^~'^^^y\ 

p'o'g(g-g-i)/ 

q — q~^ J 


and also 


AB - 


poql - poq ’^1‘^z 




q-q- 

— n' 


= 0, 


V q — q-^ / 

PoqI - Poq~'^^^y' 


CA- 


q-q 




BA- 

CB 

AC 


I - 


Poq{q-q 

/ — 


J = 0, 

J = 0, 

J = 0 

(/-J)=0, 


poqiq - q 

I — q^+^^Py 


Poq{q-q 


)(/-J)=0. 


We have 


{Ax - Bq-^l'^p^ - Cq<^^yp”)J = 0, 
{By-Cq-<^/^p’,-Aq^/ypo)J = 0, 
{Cz - Aq-'^lyi - Bq^l^l(f^)J = 0, 


{xA - Bq^-^l’^p^ - Cq'^/^-^lpl).J = 0, 
{yB - Cq^-^/^p', - Aq^/^-^/p,)J = 0, 
{zC - Aq^-<^/^pl - Bq<^/^-^/ p'q)J = 0 


and also 


J{Ax - Bq^l'^-^jp^ - C'gi-'^/Vo) = 0, 
J{By - Cq^l^-^I(J^ - Aq^-^/^po) = 0, 
J{Cz - Aq'^/^-^/p” - Bq^-^/^p'o) = 0, 
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J{xA - Rg'^/VPo - C-g-'/Vo) = 0, 
J{yB - Cq^/^p', - Aq-'^/^po) = 0, 
J{zC - Aq'^/yp'’ - Bq-'^/^p'^) = 0. 



































Proof. Similar to the proof of Lemma 133.221 □ 

We are done discussing the LR triples contained in Bd(F; po) Po) Po)- 

For the rest of this section, assume that Char(F) 7^ 2. We now recall the Lie algebra sl 2 and 
its equitable basis. 

Definition 33.25. (See [121 Lemma 3.2].) Let s[2 denote the Lie algebra over F with basis 
X, y, z and Lie bracket 

[x, y] = 2x + 2y, [y, z] = 2y + 2z, [z, x] = 2z + 2x. (215) 

Until further notice let A, B, C denote an LR triple that is contained in NBGd(F; 1). Let V 
denote the underlying vector space. 

Definition 33.26. Define X, U, Z in End(U) such that for 0 < i < d, X — {2i — d)I (resp. 
Y — {2i — d)I) (resp. Z — {2i — d)I) vanishes on component i of the (R, C')-decomposition 
(resp. (U, R)-decomposition) (resp. (A, R)-decomposition) of U. 

Recall the idempotent data fHHj) for R, R, C. 

Lemma 33.27. The elements X, Y, Z from Definition \33.26{ satisfy 

d d d 

X = - d)E[, y = ^(2! - £)E;, Z = Y,(2i - d)Et. 

2 = 0 2 = 0 2 = 0 

Proof. By Definition 133.261 and the meaning of the idempotent data. □ 

Lemma 33.28. The elements X, Y, Z from Definition \33.26{ satisfy 

X = B + C -A, Y = C + A- B, Z = A + B-C. 

Proof. To verify the first equation, work with the matrices in Matrf_|_i(F) that represent 
A,B,C,X with respect to a (R, C')-basis for V. For A,B,C these matrices are given in 
Proposition 113.351 For X this matrix is diagonal, with (i,i)-entry 2i — d for 0 <i < d. The 
other two equations are similarly verified. □ 

Lemma 33.29. The elements X, Y, Z from Definition 1 33. 26i satisfy 

[X, X] = 2X + 2X, [X, Z] = 2Y + 2X, [Z, X] = 2Z + 2X. 

Proof. To verify these equations, eliminate X, X, Z using Lemma 133.281 and evaluate the 
result using the relations for NBGd(F; 1) given in Proposition 132. ll □ 

Proposition 33.30. Let A, B,C denote an LR triple contained in NBGd(F; 1). Then there 
exists a unique s[ 2 -module structure on the underlying vector space V, such that for 0 < i < d, 
X — {2i — d)l (resp. y — {2i — d)l) (resp. z — {2i — d)l) vanishes on component i of the 
{B,C)-decomposition (resp. {C, A)-decomposition) (resp. {A, B)-decomposition) of V. The 
sl 2 -module V is irreducible. On the sl 2 -module V, 

A = {y + z)/2, B = {z + x)/2, C = {x + y)/2. (216) 
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Proof. The s[2-niodule structure exists by Lemma [33.29[ The sh-module structure is unique 
by construction. On the sh-module V we have x = X,y = Y,z = Z. To verify (12161) . elim¬ 
inate x,y,z using Lemma [33.281 and evaluate the result using the relations for NBGrf(F; 1) 
given in Proposition 132. ll The sh-module V is irreducible by fl216p and Lemma [13.201 □ 

We are done discussing the LR triples contained in NBGd(F; 1). 

For the rest of this section let B, C denote an LR triple that is contained in Brf(F; 1, po, p^, p'^). 

Let V denote the underlying vector space, and let J denote the projector. 

Definition 33.31. Dehne X, R, Z in End(R) such that for 0<i<d, X — {i — d/2)I (resp. 

Y — {i — d/2)I) (resp. Z — [i — d/2)I) vanishes on component i of the {B, G)-decomposition 
(resp. (G, R)-decomposition) (resp. (A, R)-decomposition) of R. 

Recall the idempotent data fiT8|) for A, B,C. 

Lemma 33.32. The elements X, Y, Z from Definition \3d. Sl\ satisfy 

d d d 

= E(" - <i/2)E’, y = - mE'r z=- <i/2)E.. 

i=0 i=0 2=0 

Proof. By Definition 133.311 and the meaning of the idempotent data. □ 

Lemma 33.33. The elements X,Y,Z from Definition \SS. Sl\ satisfy 

X={2p-BC + P)j+{^BcY-±2 l)(I-J), 
Y^{2 p'iCAY-l)j+{TcAY-±2 l)(I-J). 
z-{2p.abY-i)jy{^abP-^i)(i-j). 

Proof. To verify the first equation, work with the matrices in Matd+i(F) that represent 
B,C, J,X with respect to a (R, G)-basis for V. For B, C these matrices are given in Propo¬ 
sition 113.391 For J this matrix is given in Lemma 116.281 For X this matrix is diagonal, with 
(i,i)-entry i — d/2 for 0 < i < d. The other two equations are similarly verihed. □ 

Lemma 33.34. The elements X,Y,Z from Definition \SS. Sl\ satisfy 

[X, R] = 2X + 2R, [R, R] = 2R + 2R, [R, X] = 2R + 2X. 

Proof. To verify these equations, eliminate X, R, R using Lemma 133.331 and evaluate the 
result using the relations for Bd(F; 1, po, Po, Po) given in Proposition 132.31 □ 

Proposition 33.35. Let A,B,C denote an LR triple contained in Bc;(F; l,po,Po5Po)- Then 
there exists a unique s\ 2 -module structure on the underlying vector space V, such that for 
0 < i < d, X — {i — d/2)l (resp. y — {i — d/2)1) (resp. z — {i — d/2)l) vanishes on component 
i of the {B,C)-decomposition (resp. {C, A)-decomposition) (resp. {A, B)-decomposition) of 
V. For the 5i2-module V the subspaces Wut Rn o,re irreducible 512-submodules. On the 
5l2-module V, 

A^ = {y + z)/2, B^ = {z + x)/2, C^ = {x + y)/2. (217) 
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Proof. Similar to the proof of Proposition 133.231 


□ 


We mention some additional relations that hold on the sh-module V from Proposition 133.351 
These relations may be of independent interest. 


Lemma 33.36. For the 5i2-module V from Proposition 1,9,?.,?,5l we have 
[v4,2;] = A, [B, x] = B, [C, y] = C 


and also 


We have 


and also 


[J,x] = 0, 


[J, y] = 0 , 


AB - 
BC- 
CA- 


2z — d 

4po 

2x — d 
2y-d 


AB- 
BC - 


Vc 

Po(2^ + d + 2) 


J = 0, 
J = 0, 
J = 0, 


(c^ - (/_ J) = 0, 

Proof. Similar to the proof of Lemma 133.341 


BA 


CB- 


[J, z] = 0. 


Pq{2z + d) 
4 

p'^{f2x + d) 


AC - 


pl{2y + d) 


J = 0, 
J = 0, 
J = 0 


)(/-J) = 0, ( 


BA- 

CB- 

AC- 


2z — d — 2 


)(/-J)= 0 , 


4po 

2y — d — 2 


ip'i 


)(/-J)= 0 . 


□ 


34 Three characterizations of an LR triple 

Throughout this section let V denote a vector space over F with dimension d + 1. We 
characterize the LR triples on V in three ways. 

A matrix M G Matrf+i(F) will be called antidiagonal whenever the entry Mij = 0 if i + j 7^ d 
(0 < i,j ^ d). Note that the following are equivalent: (i) M is antidiagonal; (ii) ZM is 
diagonal; (hi) MZ is diagonal. 

Theorem 34.1. Suppose we are given six bases for V, denoted 

basis 1, basis 2, basis 3, basis 4, basis 5, basis 6. (218) 

Then the following are eguivalent: 
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(i) The transition matrix 


from basis 

to basis 

is 

1 

2 

upper triangular Toeplitz 

2 

3 

antidiagonal 

3 

4 

upper triangular Toeplitz 

4 

5 

antidiagonal 

5 

6 

upper triangular Toeplitz 

6 

1 

antidiagonal 


(ii) There exists an LR triple A,B,C on V for which 


basis 

has type 

1 

(A,C) 

2 

(4,B) 

3 

(P,A) 

4 

(P,C) 

5 

(C,P) 

6 

(C,A) 


Suppose (i), (ii) hold. Then the LR triple A,B,C is uniquely determined by the sequence 

(EUD. 

Proof, (i) ^ (ii) For 1 < k < 6 let denote the decomposition of V induced by basis k. By 
assumption, the transition matrix from basis 1 to basis 2 is upper triangular and Toeplitz. 
For notational convenience denote basis 1 by {ui}f^Q and basis 2 by {vi}f^Q. By Proposition 
112.81 there exists A G End(ld) such that 

Aui = Ui-i (1 < f < d), Auq = 0, 

Avi = fj_i (1 < < d), Avq = 0. (219) 

Consequently A lowers Pi and P 2 - Similarly there exists B G End(ld) that lowers P 3 and 
P 4 . Also there exists C G End(E) that lowers P 5 and Pg- By our assumption concerning the 
three antidiagonal transition matrices, the decompositions P2, P4, Pg are the inversions of 
P3, P5, Pi, respectively. By these comments A, B, C raise Pg, P2, P4 respectively. Observe 
that P 2 is lowered by A and raised by P; therefore A, B form an LR pair on V. Similarly P 4 
is lowered by B and raised by C; therefore P, C form an LR pair on V. Also Pg is lowered by 
C and raised by A; therefore C, A form an LR pair on V. By these comments A, P, C form 
an LR triple on V. We now show that basis 2 is an (A, P)-basis of V. We just mentioned 
that P 2 is lowered by A and raised by P. Therefore P 2 is the (A, P)-decomposition of V. 
Now using (I219p and Dehnition 13.211 we see that basis 2 is an (A, P)-basis of V. We have 
shown that basis 2 meets the requirements of the table in (ii). One similarly shows that 
bases 1, 3, 4, 5, 6 meet these requirements. 

(ii) ^ (i) By assumption basis 1 is an (A, C)-basis of V, and basis 2 is an (A, P)-basis 
of V. By Lemma 113.411 the transition matrix from basis 1 to basis 2 is upper triangular 
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and Toeplitz. By assumption basis 3 is a {B, 74 )-basis of V. So the inversion of basis 3 is 
an inverted {B, y4)-basis of V. By Lemma 13.481 the transition matrix from basis 2 to the 
inversion of basis 3 is diagonal. Recall that Z is the transition matrix between basis 3 and its 
inversion. By these comments the transition matrix from basis 2 to basis 3 is antidiagonal. 
The remaining assertions of part (i) are similarly obtained. 

Assume that (i), (ii) hold. From the construction of A in the proof of (i) ^ (ii) above, we 
hnd that A is uniquely determined by the sequence fl218p . Similarly B and C are uniquely 
determined by the the sequence fl218p . □ 

Theorem 34.2. Suppose we are given six invertible matrices in Matrf+i(F).- 

Di, D 2 , D 3 (diagonal), ( 220 ) 

Ti, T 2 , Ts (upper triangular Toeplitz). (221) 

Then the following (i), (ii) are eguivalent. 

(i) TiZliZT 2 .D 2 ZT 3 D 3 Z G FJ. 

(ii) There exists an LR triple A^B^C overW for which the matrices fl220|) . (1221 p are tran¬ 
sition matrices of the following kind: 


transition matrix 

from a basis of type 

to a basis of type 

Ti 

(A,H) 

{A,B) 

D, 

{A,B) 

inv. {B,A) 

T 2 

{B,A) 

iB,C) 

D 2 

{B,C) 

inv. {C,B) 

T 3 

iC,B) 

{C,A) 

D 3 

iC,A) 

inv. {A,C) 


Suppose (i), (ii) hold. Then the LR triple A,B,C is uniguely determined up to isomorphism 
by the seguence Hi, ZI 2 ,-D 3 ,T 2 , T 3 . 

Proof, (i) ^ (ii) We invoke Theorem 134.11 Multiplying Di by a nonzero scalar in F if 
necessary, we may assume without loss that T 1 D 1 ZT 2 D 2 Z 1 T 3 DSZ = I. By linear algebra 
there exist six bases of V as in (12181) such that the transition matrix 


from basis 

to basis 

is 

1 

2 

Ti 

2 

3 

HiZ 

3 

4 

T 2 

4 

5 

H2Z 

5 

6 

T 3 

6 

1 

H3Z 


By construction, these six bases satisfy Theorem 134.ll i). Therefore they satisfy Theorem 
I34.11 iih The LR triple A,B,C mentioned in Theorem I34.1f iii satishes condition (ii) of the 
present theorem. 
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(ii) ^ (i) Associated with the LR triple A,B,C are the upper triangular Toeplitz matrices 
T, T', T” from Definition 113.441 and the diagonal matrices D, D', D” from Definition 113.691 
Using Lemma 13.221 and Definition I13.44l ii) we find Ti G FT'. Similarly T 2 G FT" and 
T 3 G FT. Using Lemma 13.481 we find Di G FT. Similarly D 2 G ¥D' and D 3 G FT". By 
these comments and Proposition 113.721 we obtain T 1 D 1 ZT 2 D 2 ZT 3 D 3 Z G FJ. 

Assume that (i), (ii) hold. Consider the matrices D,D',D" and T, T',T" from the proof of 
(ii) ^ (i) above. By Proposition 115.91 the LR triple A,B,C is uniquely determined up to 
isomorphism by the sequence D, D\ D'\T^T\T". The matrix D is obtained from Di by 
dividing Di by its (0,0)-entry. So D is determined by Di. The matrices D', D”,T,T',T" 
are similarly determined by D 2 , T) 3 , T 3 , Ti, T 2 , respectively. By these comments the LR triple 
A, B, C is uniquely determined up to isomorphism by the sequence Di, D 2 , D 3 , Ti, T 2 , T 3 . □ 

Theorem 34.3. Let A,B,C G End(U). Then A,B,C form an LR triple on V if and only 
if the following (i)-(iv) hold: 

(i) each of A, B, C is Nil; 

(ii) the flag is raised by B, C; 

(in) the flag {B^~'^V}f^Q is raised by C,A; 

(iv) the flag ™ised by A, B. 

Proof. By Proposition 13.461 and Definition 113.11 □ 

35 Appendix I: The nonbipartite LR triples in matrix 
form 

In this section we display the nonbipartite equitable LR triples in matrix form. 

Let V denote a vector space over F with dimension d+1. Let A, B, C denote a nonbipartite 
equitable LR triple on V, with parameter array (1441) . trace data (1501) . and Toeplitz data 
fl54)) . By Definition 117.11 we have a * = o' = a" for 0 < i < d, and by Lemma 117.31 we 
have fli = fl[ = fl'f for 0 < i < d. By (IFT)) we have fli = —Oi. By Lemma 117.61 we have 
(fi = (f[ = ip'l for 1 < i < d, and Oi = a[ = a" = aflipd-i+i — g^d-i) for 0 < i < d. Recall 
from Definition 118.21 that A,B,C is normalized if and only if ai = 1. By Proposition 113.391 
we have the following. 
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With respect to an (A,i?)-basis for V the matrices representing A,B,C are 



/ 0 1 

0 \ 


/ 0 

0 \ 


0 1 



Lfl 0 


A : 

0 ■ 

1 

, B-. 

(P2 0 



VO 

0 ) 


V 0 

<fd 0 / 


/ Go ^dl^l 


0 

\ 



OjI <prf_i/<p2 


1 


C : 


^d-l 0,2 


\ 0 


• ^i/^d 

Od J 


With respect to an inverted {A, B) basis for V the matrices representing A, B,C are 



f 0 

0 \ 


/ 0 (fd 

0 \ 


1 0 



0 (Pd-i 


A : 

1 0 


, B-. 

0 ■ 



VO 

1 0 ) 


Vo 

0 / 


/ Od 



0 \ 



VllVd 

Od-1 

^2 




9 ^ 2 / ^d-l Od -2 


■■^d 

V 0 (fd/(fi Oo / 


With respect to a (B, A) basis for V the matrices representing A, B, C are 


A 


( 0 

^d 0 

^d-\ 0 


0 \ 


B 


/O 1 
0 1 
0 


0 \ 


c 


\ 0 


• ^d/^l 

Oq j 


V 

0 


(Pi 0 / 


Vo 

0/ 


Od 

^l/^d 


0 \ 





Od-l 

9^2/ ‘^d-\ 






^2 

Od -2 
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With respect to an inverted {B, A) basis for V the matrices representing A, B, C are 


/ 0 <pi 

0 \ 

0 

^2 


0 ■ 


• y^d 

Vo 

0 / 

( Go 

^d 

^d/^l 

ai (pd-i 


y^d-ily^2 02 


/ 0 0 \ 
1 0 


VO 1 oy 

0 \ 


V 0 


(pi 

ad ) 


36 Appendix II: The bipartite LR triples in matrix 
form 


In this section we display the bipartite LR triples in matrix form. 

Let V denote a vector space over F with dimension d + 1. Let A, B,C denote a bipartite LR 
triple on V, with parameter array dS]). By Proposition 113.351 we have the following. 

With respect to an (A, i?)-basis for V the matrices representing A, B, C are 


A : 


( 0 1 
0 1 
0 


0 \ 




/ 0 

(fi 0 

LP2 0 


1 


Vo 


0 / 

V 0 

/ 0 



0 \ 


0 

v?d-i/v?2 



^d-i 

0 





• ^'l/^d 

V 0 



y^'l 0 / 


0 \ 


0 / 
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With respect to an inverted {A,B) basis for V the matrices representing A,B,C are 



( 0 

0 \ 


/ 0 (Prf 

0 \ 


1 0 



0 (Pd-1 


A : 

1 0 


, B: 

0 ■ 



VO 

1 0 yi 


VO 

0 / 


f 0 

^'1 

0 

\ 



ip[/(pd 0 

(J . 0 ■ 

^”d 

\ 0 ip'Jipx 0 / 

With respect to a {B, A) basis for V the matrices representing A, B, C are 


A : 

( ° 

^d 0 

^d-1 0 

0 \ 

, B-. 

( ° ^ 

0 1 

0 ■ 

0 \ 


V 0 

(pi 0 y 


VO 

■ 1 

0 / 


( 0 p)'[lp>d 0 ^ 

0 P>'2lP>d-\ 

Q . <^2 0 • 

• • ‘fd/^l 

VO ^'d 0 J 

With respect to an inverted {B, A) basis for V the matrices representing A, B, C are 


A : 

/ 0 <pi 

0 (f2 

0 ■ 

0 \ 

, B: 

( 0 

1 0 

1 0 

0 \ 


VO 

• ‘fd 

0 y 


VO 

1 0 / 


( ^ V'd 0 \ 

^d/^i 0 ^'d-1 

^d-l /^2 0 ■ 

\ 0 p>'i/p>d 0 / 
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